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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 70 |. This is test number [ 127 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (70 ) | 0.00 (0 )

Mathematica | 100.00 ( 70 ) | 0.00 (0 )
Fricas 75.71 (53 ) | 24.29 (17)
Maple 75.71 (53 ) | 24.29 (17)
Giac 44.29 (31) | 55.71 (39)
Maxima 40.00 ( 28 ) | 60.00 ( 42 )
Mupad | 22.86 (16) | 77.14 ( 54)
Sympy 12.86 (9) | 87.14 (61 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 92.86 7.14 0.00 0.00
Maple 47.14 8.57 20.00 24.29
Fricas 32.86 11.43 31.43 24.29
Maxima 30.00 10.00 0.00 60.00
Giac 27.14 17.14 0.00 55.71
Sympy 11.43 1.43 0.00 87.14
Mupad N/A 22.86 0.00 77.14

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 17 100.00 % 0.00 % 0.00 %
Fricas 17 100.00 % 0.00 % 0.00 %
Giac 39 100.00 % 0.00 % 0.00 %
Maxima 42 100.00 % 0.00 % 0.00 %
Sympy 61 91.80 % 0.00 % 8.20 %
Mupad 54 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.02 60.49 1.00 55.50 1.00
Mathematica | 0.09 52.73 1.06 52.50 0.89
Maple 0.27 158.57 2.50 60.00 1.31
Maxima 0.61 259.07 5.18 40.00 0.92
Fricas 2.21 69.28 1.30 68.00 1.28
Sympy 3.20 38.89 1.22 37.00 1.00
Giac 0.45 61.65 1.42 51.00 1.25
Mupad 0.64 76.38 1.15 39.50 1.01

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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detailed summary tables of results

Local contents
2.1 List of integrals sorted by grade for each CAS

2.2 Detailed conclusion table per each integral for all CAS systems . .. .. ...
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1}[2,3}4,5}6, 7,8} 9} L0} [L1} 12} 13} [14} [I5} [16} [I7,[I&) [I% [20, 21} 22} 23} 24} [25} [26} [27)
[28,[29}30} 31}, 32} 33} 34} 135} [361, 37, 38, 139} (40, [A1} 12} 43} (44}, (45}, 46}, 47} 48, (49} 50} [p 1} 62} 53}, 54} 55,
5615758} 59} 60} 61}62}[63} 64 65}, 66} 67} (68} /694 70) }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { 2}4,6}[7,8}[9} (10} [I1} (12} [13} [14, [I5} [16},[17,[I8) [I9} [20} 21 [22} [23} 24} [25} [26} [27] [28} [29),
130431}, 2} 33} 134} [35, 136, [37}, 38, 139, [0, (43} (44} [45} 46}, (47} 48} 49} [50} b1} 52} 53} 54 55} 56} 57} 58} [69,
[60}[61}[62}[63}[64}65,[66, (67} (68, [6% [70] }

B grade: { [1},[3,B}41}[42| }
C grade: { }
F grade: { }

2.1.3 Maple

A grade: { [1,12}3} 4} 5} 6} 7,[8} 9} (L0} [L 1} [£2} 13} [14} [L5} 16} [44} [45) 46} [47} [48) [49} [50} [52} [53} [54} 61}
[62,[63}/64,[65}66,[67] }

B grade: { [39}[40}[41][42][43][p1] }

C grade: { [T7/T5) 920,21, 23 23,24, 63 50 5T 58,6960 }

F grade: { 75,26,27) 2529, 50,51} 52,33, 54,55 50T, 58,65 697

2.1.4 Maxima

A grade: { [T}[2}[3} 4[5} 6} 7} 8} 143} (44} [45, 46, [50} 51} [6T} [62} 63} 64} 65} 66} 67] }
B grade: { }
C grade: { }

F grade: { [010L/TT, 13,3 14 [5) 16,7 18} 19} 20,21, 2, 23, 24 25,26, 27} 25 29,0, B 52
{3, 34)35,56] 5735, 52, 53 b4, b5, 56, 7, 8 59,60} 65,693 70 )

N

E
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2.1.5 FriCAS

A gvade: { 276,558, 5,46, 5} 5, 50, 51,52 53, 5 61 2 63 665 65,67
B grade: { [13/5)7 B0, A0 2 )

C grace: { 510} 12 T34 [5) 6 7 5, [0 20, 2 22 23, 2 5,56, 57 68, B9 B0 )
F grade: { 25,2 27) 25,20} B0, 51} 52,3, 555, 50) B, B8, 6869, 70 }

2.1.6 Sympy

A grade: { 43} [44} 45| 46} 51} 52} 53} /54 }
B grade: {[1]}
C grade: { }

F grade: { [2,/3,4}5,[6,7, 819} 10} [1 1[I} 13} 14} 15} 16} 17 18} 19} 20} 21 [22} 23} 24} [25} 26} [27] 28}
[29,130; 31} [32, 33} 34,35} 136} [37}, B8} 89} [0} (AT} 42, 47} 48} (49}, 50, [55} 56} 57 58, 59} [60} (611 [62} 63} 64,
[65,/66,67,68}69, 70| }

2.1.7 Giac

A grade: { [1}[2}[4,[6} 8 43, 45,46, 50} 52, 53, 54, 61} 62, 63} 64, 65} 66} 67] }
B grade: { [3}[5,[7},89 40} 41} 42} 44} A7} 48, 49} 1] }

C grade: { }

Fgvade: { [B\[0}[TT) (3,13} 14 15,16} [7 75,19, 20,21, 22 23,2425 26,27} 25 29,50, BT B2,
53, 34|35, 561 57,38, 55 6 57, 65 9,60} 63 69,70 }

2.1.8 Mupad

A grade: { }
B grade: { BB A5 B0 BEMBELELEE6 )
C grade: { }

F gvade: { [BYT0[11) (3,4 15) 06,7 [5) 1,21, 22,23, 27 25,26, 27 25,29, B0} 51,52 53,54
@@@@@@@@@@@@@@@@@@@@@@
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A B A A B B A B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 12 12 38 20 19 30 37 15 12
N.S. 1 1.00 3.17 1.67 1.58 2.50 3.08 1.25 1.00

time (sec) N/A 0.003 0.018 0.019 0.297 2.578 1.024 0.475 0.401

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 11 11 11 12 13 19 0 13 11
N.S. 1 1.00 1.00 1.09 1.18 1.73 0.00 1.18 1.00
time (sec) N/A 0.007 0.015 0.032 0.278  3.027 0.000 0.453 0.104

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A B A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 75 38 46 72 0 92 36
N.S. 1 1.00 2.21 1.12 1.35 2.12 0.00 2.71 1.06

time (sec) N/A 0.010 0.019 0.067 0.292 3.348 0.000 0.435 0.114
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 35 23 25 45 0 25 21
N.S. 1 1.00 1.30 0.85 0.93 1.67 0.00 0.93 0.78
time (sec) N/A 0.009 0.016 0.043 0.279 2.889 0.000 0.433 0.080
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 55 55 113 50 71 112 0 138 59
N.S. 1 1.00 2.05 0.91 1.29 2.04 0.00 2.51 1.07
time (sec) N/A 0.019 0.021 0.072 0.287  4.424 0.000 0.445 0.128
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 56 33 35 64 0 35 38
N.S. 1 1.00 1.33 0.79 0.83 1.52 0.00 0.83 0.90
time (sec) N/A 0.011 0.020 0.052 0.294 2.922 0.000 0.439 0.096
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 151 60 91 155 0 182 78
N.S. 1 1.00 1.99 0.79 1.20 2.04 0.00 2.39 1.03
time (sec) N/A 0.030 0.019 0.088 0.330  3.652 0.000 0.479 0.155
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 55 55 7 43 45 87 0 45 41
N.S. 1 1.00  1.40 0.78 0.82 1.58 0.00 0.82 0.75
time (sec) N/A 0.013 0.016 0.053 0.329 3.179 0.000 0.455 0.127
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 90 90 63 160 0 120 0 0 -1
N.S. 1 1.00 0.70 1.78 0.00 1.33 0.00 0.00 -0.01
time (sec) N/A 0.027 0.207 0.136 0.000 0.764 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 67 67 50 88 0 88 0 0 -1
N.S. 1 1.00 0.75 1.31 0.00 1.31 0.00 0.00 -0.01
time (sec) N/A 0.021 0.092 0.094 0.000  0.723 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 49 132 0 72 0 0 -1
N.S. 1 1.00 0.78 2.10 0.00 1.14 0.00 0.00 -0.02
time (sec) N/A 0.022 0.064 0.106 0.000  0.371 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 41 41 40 69 0 51 0 0 61
N.S. 1 1.00 0.98 1.68 0.00 1.24 0.00 0.00 1.49
time (sec) N/A 0.013 0.041 0.099 0.000  0.752 0.000 0.000 0.121
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 41 41 40 91 0 55 0 0 -1
N.S. 1 1.00 0.98 2.22 0.00 1.34 0.00 0.00 -0.02
time (sec) N/A 0.012 0.044 0.135 0.000 1.205 0.000 0.000 0.000




26

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 67 67 53 88 0 68 0 0 -1
N.S. 1 1.00 0.79 1.31 0.00 1.01 0.00 0.00 -0.01
time (sec) N/A 0.023 0.066 0.122 0.000  0.440 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 67 67 60 142 0 85 0 0 -1
N.S. 1 1.00  0.90 2.12 0.00 1.27 0.00 0.00 -0.01
time (sec) N/A 0.020 0.112 0.108 0.000 0.654 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 90 90 65 104 0 81 0 0 -1
N.S. 1 1.00 0.72 1.16 0.00 0.90 0.00 0.00 -0.01
time (sec) N/A 0.029 0.170 0.112 0.000 0.776 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 103 103 67 1052 0 150 0 0 -1
N.S. 1 1.00 0.65 10.21 0.00 1.46 0.00 0.00 -0.01
time (sec) N/A 0.041 0.206 1.236 0.000 0.834 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 55 313 0 105 0 0 -1
N.S. 1 1.00 0.73 4.17 0.00 1.40 0.00 0.00 -0.01
time (sec) N/A 0.024 0.192 1.131 0.000  0.670 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 71 71 54 508 0 83 0 0 -1
N.S. 1 1.00 0.76 7.15 0.00 1.17 0.00 0.00 -0.01
time (sec) N/A 0.028 0.128 1.191 0.000 0.884 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 42 165 0 55 0 0 63
N.S. 1 1.00 0.98 3.84 0.00 1.28 0.00 0.00 1.47
time (sec) N/A 0.015 0.035 1.101 0.000  0.648 0.000 0.000 0.199
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 42 533 0 62 0 0 -1
N.S. 1 1.00 0.98 12.40 0.00 1.44 0.00 0.00 -0.02
time (sec) N/A 0.015 0.039 1.214 0.000  0.898 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 63 189 0 85 0 0 -1
N.S. 1 1.00 0.82 2.45 0.00 1.10 0.00 0.00 -0.01
time (sec) N/A 0.025 0.089 1.131 0.000  0.802 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 60 547 0 96 0 0 -1
N.S. 1 1.00 0.78 7.10 0.00 1.25 0.00 0.00 -0.01
time (sec) N/A 0.024 0.158 1.118 0.000  0.335 0.000 0.000 0.000




28

Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 70 213 0 98 0 0 -1
N.S. 1 1.00 0.67 2.03 0.00 0.93 0.00 0.00 -0.01
time (sec) N/A 0.038 0.145 1.350 0.000 1.174 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 54 0 0 0 0 0 -1
N.S. 1 1.00 1.06 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.018 0.084 0.036 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 51 0 0 0 0 0 -1
N.S. 1 1.00  1.00 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.018 0.062 0.029 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 51 0 0 0 0 0 -1
N.S. 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.017 0.063 0.030 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 51 0 0 0 0 0 -1
N.S. 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.017 0.057 0.028 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 51 0 0 0 0 0 -1
N.S. 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.017 0.056  0.029 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 68 0 0 0 0 0 -1
N.S. 1 1.00 1.28 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.018 0.128 0.028 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 57 0 0 0 0 0 -1
N.S. 1 1.00 1.06 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.021 0.055 0.031 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 59 0 0 0 0 0 -1
N.S. 1 1.00 1.09 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.021 0.074 0.032 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 59 0 0 0 0 0 -1
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.020 0.072 0.033 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 59 0 0 0 0 0 -1
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.021 0.075 0.025 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 59 0 0 0 0 0 -1
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.021 0.072 0.026 0.000  0.000 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 76 0 0 0 0 0 -1
N.S. 1 1.00 1.36 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.022 0.168 0.028 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 59 0 0 0 0 0 -1
N.S. 1 1.00 0.86 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.029 0.104 0.039 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 72 72 65 0 0 0 0 0 -1
N.S. 1 1.00  0.90 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.027 0.085 0.037 0.000  0.000 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 92 101 1669 93 0 129 -1
N.S. 1 1.00 1.84 2.02 33.38 1.86 0.00 2.58  -0.02
time (sec) N/A 0.013 0.271 0.126 0.609  4.046 0.000 0.470 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 72 78 869 69 0 100 -1
N.S. 1 1.00 2.00 2.17 24.14 1.92 0.00 2.78 -0.03
time (sec) N/A 0.010 0.280 0.096 0.561 3.701 0.000 0.457 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 51 52 300 44 0 69 -1
N.S. 1 1.00 2.32 2.36 13.64 2.00 0.00 3.14 -0.05
time (sec) N/A 0.008 0.104 0.084 0.558  3.217 0.000 0.444 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 5 5 28 31 35 19 0 12 -1
N.S. 1 1.00  5.60 6.20 7.00 3.80 0.00 240  -0.20
time (sec) N/A 0.005 0.016 0.083 0.536  3.571 0.000 0.465 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 12 12 12 26 10 4 12 11 12
N.S. 1 1.00  1.00 2.17 0.83 0.33 1.00 0.92 1.00
time (sec) N/A 0.007 0.010 0.076 0498 3.831 0.162 0.436 0.170
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 23 30 11 11 29 44 -1
N.S. 1 1.00 0.79 1.03 0.38 0.38 1.00 1.52  -0.03
time (sec) N/A 0.008 0.020 0.076 0.543 2.862 0.303 0.447 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 31 38 17 17 46 61 -1
N.S. 1 1.00 0.72 0.88 0.40 0.40 1.07 1.42 -0.02
time (sec) N/A 0.012 0.031 0.082 0.539  3.685 1.510 0.429 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 37 44 23 21 61 78 -1
N.S. 1 1.00 0.65 0.77 0.40 0.37 1.07 1.37  -0.02
time (sec) N/A 0.014 0.046 0.083 0.559  4.683 11.922 0.466 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 84 84 61 102 2183 106 0 164 -1
N.S. 1 1.00 0.73 1.21 25.99 1.26 0.00 1.95 -0.01
time (sec) N/A 0.029 0.363 0.122 4488  4.076 0.000 0.503 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 51 79 1113 80 0 124 -1
N.S. 1 1.00 0.78 1.22 17.12 1.23 0.00 1.91 -0.02
time (sec) N/A 0.024 0.240 0.098 0.858  4.014 0.000 0.443 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 39 53 318 49 0 72 -1
N.S. 1 1.00 0.85 1.15 6.91 1.07 0.00 1.57  -0.02
time (sec) N/A 0.017 0.082 0.087 0.543  3.422 0.000 0.430 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 30 32 24 64 0 13 -1
N.S. 1 1.00 1.15 1.23 0.92 2.46 0.00 0.50 -0.04
time (sec) N/A 0.012 0.020 0.086 0.558 2.565 0.000 0.414 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 14 27 13 22 14 34 15
N.S. 1 1.00 1.00 1.93 0.93 1.57 1.00 2.43 1.07
time (sec) N/A 0.010 0.009 0.076 0.514 2.807 0.204 0.463 0.220
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 27 31 0 29 32 52 -1
N.S. 1 1.00 0.75 0.86 0.00 0.81 0.89 1.44  -0.03
time (sec) N/A 0.013 0.021 0.083 0.000 2422 0.342 0.433 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 55 55 36 39 0 37 51 62 -1
N.S. 1 1.00 0.65 0.71 0.00 0.67 0.93 1.13  -0.02
time (sec) N/A 0.020 0.034 0.080 0.000 2.624 1.604 0.426 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 74 74 42 45 0 43 68 76 -1
N.S. 1 1.00  0.57 0.61 0.00 0.58 0.92 1.03  -0.01
time (sec) N/A 0.026 0.052 0.086 0.000  3.159 11.730 0.418 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 123 123 58 1313 0 161 0 0 -1
N.S. 1 1.00 0.47 10.67 0.00 1.31 0.00 0.00 -0.01
time (sec) N/A 0.043 0.211 0.228 0.000  0.810 0.000 0.000 0.000
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 71 71 46 372 0 99 0 0 -1
N.S. 1 1.00 0.65 5.24 0.00 1.39 0.00 0.00 -0.01
time (sec) N/A 0.029 0.126 0.188 0.000 1.102  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 46 343 0 64 0 0 -1
N.S. 1 1.00 0.96 7.15 0.00 1.33 0.00 0.00 -0.02
time (sec) N/A 0.021 0.047 0.155 0.000  0.383 0.000 0.000 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 50 50 38 125 0 68 0 0 -1
N.S. 1 1.00 0.76 2.50 0.00 1.36 0.00 0.00 -0.02
time (sec) N/A 0.022 0.056 0.164 0.000  0.876 0.000 0.000 0.000
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 79 79 52 349 0 84 0 0 -1
N.S. 1 1.00 0.66 4.42 0.00 1.06 0.00 0.00 -0.01
time (sec) N/A 0.028 0.107 0.174 0.000  0.595 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 123 123 63 158 0 88 0 0 -1
N.S. 1 1.00 0.51 1.28 0.00 0.72 0.00 0.00 -0.01
time (sec) N/A 0.043 0.162 0.182 0.000 1.192  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F(-2) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 164 164 59 53 66 118 0 69 603
N.S. 1 1.00 0.36 0.32 0.40 0.72 0.00 0.42 3.68
time (sec) N/A 0.026 0.076 0.241 0.472 3.850 0.000 0.473 5.052
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 118 118 47 41 48 88 0 51 121
N.S. 1 1.00  0.40 0.35 0.41 0.75 0.00 0.43 1.03
time (sec) N/A 0.023 0.048 0.150 0.486 2.630 0.000 0.572 2.419
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 62 62 33 29 30 52 0 23 44
N.S. 1 1.00 0.53 0.47 0.48 0.84 0.00 0.37 0.71
time (sec) N/A 0.015 0.023 0.104 0.482 2.461 0.000 0474 0.674
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 18 9 24 0 9 7
N.S. 1 1.00  1.00 1.12 0.56 1.50 0.00 0.56 0.44
time (sec) N/A 0.010 0.008 0.094 0.479  3.004 0.000 0435 0.178
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 25 24 25 46 0 22 -1
N.S. 1 1.00 0.69 0.67 0.69 1.28 0.00 0.61  -0.03
time (sec) N/A 0.011 0.030 0.089 0.492 2.002 0.000 0.437 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 86 86 38 41 58 61 0 42 -1
N.S. 1 1.00 0.44 0.48 0.67 0.71 0.00 0.49 -0.01
time (sec) N/A 0.024 0.050 0.127 0.497  2.449 0.000 0.443 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 132 132 55 57 88 73 0 49 -1
N.S. 1 1.00 0.42 0.43 0.67 0.55 0.00 0.37 -0.01
time (sec) N/A 0.033 0.110 0.236 0.491 3.123 0.000 0.443 0.000
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 80 80 71 0 0 0 0 0 -1
N.S. 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.041 0.128 0.079 0.000  0.000 0.000 0.000 0.000
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Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 82 82 73 0 0 0 0 0 -1
N.S. 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.039 0.089 0.046 0.000 0.000  0.000 0.000 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 91 91 77 0 0 0 0 0 -1
N.S. 1 1.00 0.85 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.035 0.156  0.063 0.000 0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [70] had the largest ratio of [21]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 1 1 1.00 6 0.167
2 A 2 2 1.00 8 0.250
3 A 2 2 1.00 8 0.250
4 A 2 1 1.00 8 0.125
5! A 3 2 1.00 8 0.250
6 A 2 1 1.00 8 0.125
7 A 4 2 1.00 8 0.250
3 A 2 1 1.00 8 0.125
9 A 4 3 1.00 10 0.300
10 A 3 3 1.00 10 0.300
11 A 3 3 1.00 10 0.300
12 A 2 2 1.00 10 0.200
13 A 2 2 1.00 10 0.200
14 A 3 3 1.00 10 0.300
15 A 3 3 1.00 10 0.300
16 A 4 3 1.00 10 0.300
17, A 4 3 1.00 12 0.250
18 A 3 3 1.00 12 0.250
19 A 3 3 1.00 12 0.250
20 A 2 2 1.00 12 0.167
21] A 2 2 1.00 12 0.167
22 A 3 3 1.00 12 0.250
23] A 3 3 1.00 12 0.250
24 A 4 3 1.00 12 0.250
25) A 2 2 1.00 10 0.200
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 2 2 1.00 10 0.200
27| A 2 2 1.00 10 0.200
28 A 2 2 1.00 10 0.200
29 A 2 2 1.00 10 0.200
30 A 2 2 1.00 10 0.200
31 A 2 2 1.00 12 0.167
32 A 2 2 1.00 12 0.167
33 A 2 2 1.00 12 0.167
34 A 2 2 1.00 12 0.167
35 A 2 2 1.00 12 0.167
36 A 2 2 1.00 12 0.167
37 A 2 2 1.00 8 0.250
38 A 2 2 1.00 10 0.200
39 A 5 3 1.00 8 0.375
40| A 4 3 1.00 8 0.375
41 A 3 3 1.00 8 0.375
42 A 2 2 1.00 8 0.250
43 A 2 2 1.00 8 0.250
44 A 3 3 1.00 8 0.375
45 A 4 3 1.00 8 0.375
46 A 5 3 1.00 8 0.375
47 A 6 4 1.00 10 0.400
48 A ) 4 1.00 10 0.400
49 A 4 4 1.00 10 0.400
50 A 3 3 1.00 10 0.300
51 A 2 2 1.00 10 0.200
52 A 3 3 1.00 10 0.300
53 A 4 3 1.00 10 0.300
54 A 5 3 1.00 10 0.300
55 A 7 4 1.00 10 0.400
56 A 5 4 1.00 10 0.400
57 A 4 4 1.00 10 0.400
58 A 4 4 1.00 10 0.400
59 A ) 4 1.00 10 0.400
60 A 7 4 1.00 10 0.400

Continued on next page
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number of

number of

normalized

A o integrand b f rul
# | grade stepe widie | antiderivative | e tegrand leaf size
61 A 3 2 1.00 10 0.200
62 A 3 2 1.00 10 0.200
63 A 3 2 1.00 10 0.200
64 A 3 3 1.00 10 0.300
65 A 3 3 1.00 10 0.300
66 A 5 3 1.00 10 0.300
67 A 7 3 1.00 10 0.300
68 A 3 3 1.00 12 0.250
69 A 3 3 1.00 14 0.214
70 A 3 3 1.00 21 0.143




Chapter 3

Listing of integrals

Local contents

3.1 Ik csc(a +br)dr ...
32  [fesc*a+bz)dz . . ...
33  Jesc*la+bz)dz . . ...
34  [esc*a+bz)dz .. ...
35  [escP(a+bz)dr . . ...
36  JescPla+bx)dr . ...
37  Jescl(a+bz)dz . . ...
38  [escBla+bz)dz . . ...
3.9  [esci(a+bE)dr . . ...
310 [escI(@+bE)dT . . .
3.11 esci(@+br)dT . ...
312 [WJescla+bz) dr . . . ..
1
313 | T I
3.14 A——dT ..
csc2 (a+bx)
3.15 ———dT . .
csc2 (a+bzx)
3.16 AT . . . . e e
cscﬁ(a+bz)
317  [(cesc(a+bx)2dz. . . ...
3.18  [(ces a—}—bx NO2dm . o
319 [(eosc(atbe)¥2dr . . . oo
320 [ \/ccsc(a + bx) dx ...............................
321 [ VowlaT o
3.22 W AT . . . e e
323 [ W AT .
3.24 W d .................................



3.25
3.26

3.27
3.28

3.29
3.30
3.31
3.32

3.33
3.34

3.35
3.36

3.37
3.38
3.39
3.40
3.41

3.42
3.43

3.44
3.45
3.46
3.47
3.48

3.49
3.50

3.51
3.52
3.53
3.54
3.55

3.56

3.57
3.58

3.59
3.60

[esci(a+br)de . . . ..
[esci(a4br)de . . o .o

I3/ csc(al+ bxr) dr . . . ..

AT . e

{/esc(a + br)

1
2
csc3 (a+bx)
1

csc% (a+bx)

[(eesc(@+bx))3dx. . . . . ...
[leesc(a+bz))2Pdx . . . oo oo

il \/ccsc(a—l—bac dz ................................

e csc(a + bx)
(c csc(a+bx))2/3

(c csc(a+bm))4/3

dx
dx

Jesc™(a4br)dz . . ...
J(c csc(a +02))Mdr .
[ esc?(z)7/? dx
| esc? 5/ 2dz
| esc? 3/ 2dz

Ik \/cs.c2
1
csc? (a:)
f cch(lz)e‘/2 dx
| o dx

[ (aesc2(2))”?
[ (acsc?(a))’®

) dx

[ (a esc2(@)Pdr L

[+Va csch(x) AT . . .

a csc?(x)

1
(acsc2(z))3/?
1

(acsc2(z))®/?
1

(acsc2(z))7/?

dz
dz
dz

[(acsc(@) P dz . . ...
[(acs(@)?dz . . ...

[+a cslc?’(x) dT . .



3.61
3.62
3.63

3.64
3.65

3.66

3.67

3.68
3.69
3.70

~—~

N N N
S
o
n
¢)
[
—~
8



44

3.1 [ csc(a + bx) dx

Optimal. Leaf size=12
3 tanh ™' (cos(a + bx))
b

[Out] -arctanh(cos(b*x+a))/b

Rubi [A]
time = 0.00, antiderivative size = 12, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.167,

steps used = 1, number of rules used = 1, integrand size = 6,
Rules used = {3855}

_tanh_l(cos(a + bz))
b

Antiderivative was successfully verified.
[In] Int[Cscl[a + b*x],x]

[Out] -(ArcTanh[Cos[a + b*x]]/Db)
Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

-1
/csc(a + b do = _tanh (cobs(a + bz))

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 38 vs. 2(12) =
24.
time = 0.02, size = 38, normalized size = 3.17

_log(cos (5 +5))  log (sin (5 + %))
b b

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x],x]
[Out] -(Logl[Cos[a/2 + (b*x)/2]]1/b) + Logl[Sin[a/2 + (b*x)/2]]1/b

Maple [A]
time = 0.02, size = 20, normalized size = 1.67
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method result size
norman w 15
derivativedivides | — ln(csc(’cbﬂ):c“(zbﬂ)) 20
default — ln(csc(’”b+a)b+°0t (zb+a)) 20
risch ln(ei(xz:a)_l) B ln(ei(a:I;+a)+1) 35

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a),x,method=_RETURNVERBOSE)
[Out] -1/b*1n(csc(b*x+a)+cot (b*x+a))
Maxima [A]

time = 0.30, size = 19, normalized size = 1.58

_log (cot (bx + a) + csc (bz + a))
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a),x, algorithm="maxima")
[Out] -log(cot(b*x + a) + csc(b*x + a))/b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 30 vs.
2(12) = 24.
time = 2.58, size = 30, normalized size = 2.50

_log (3 cos (bz +a) + 3) —log (—3 cos (bz +a) + 3)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a),x, algorithm="fricas")
[Out] -1/2%(log(1/2*cos(b*x + a) + 1/2) - log(-1/2*cos(b*x + a) + 1/2))/b

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 37 vs.
2(10) = 20.
time = 1.02, size = 37, normalized size = 3.08

__log(cot (a-l—bxg—i-csc (a+bz)) for b # 0

z(cot (a) csc (a)+csc? (a))

cot (a)+csc (a) otherwise

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(b*x+a),x)
[Out] Piecewise((-log(cot(a + b*x) + csc(a + b*x))/b, Ne(b, 0)), (x*(cot(a)*csc(a

) + csc(a)**2)/(cot(a) + csc(a)), True))

Giac [A]
time = 0.47, size = 15, normalized size = 1.25
log (|tan (3 bz + 1a)|)
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a),x, algorithm="giac")

[Out] log(abs(tan(1/2xbxx + 1/2*a)))/b

Mupad [B]
time = 0.40, size = 12, normalized size = 1.00
_ atanh(cos (a + bz))
b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(a + b*x),x)

[Out] -atanh(cos(a + b*x))/b
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3.2 [ csc®(a + bx) dx

Optimal. Leaf size=11
_ cot(a + bz)
b

[Out] -cot(b*x+a)/b

Rubi [A]
time = 0.01, antiderivative size = 11, normalized size of antiderivative = 1.00, number of

number of rules _ 95
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 8,
Rules used = {3852, 8}

_ cot(a + bz)
b

Antiderivative was successfully verified.

[In] Int[Cscl[a + b*x]~2,x]

[Out] -(Cot[a + b*x]/b)

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps
1
/csc2(a +bz) de = _Subst(f dx,:,cot(a + br))
)]
b

Mathematica [A]
time = 0.02, size = 11, normalized size = 1.00

_ cot(a + bz)
b

Antiderivative was successfully verified.



[In] Integrate[Csc[a + b*x]~2,x]
[Out] -(Cot[a + b*x]/b)

Maple [A]
time = 0.03, size = 12, normalized size = 1.09

method result size
derivativedivides | — %bbﬂ) 12
default — M;’M) 12
1 tan ( % + %} )
norman 2 | 35
tan ( o4 ab )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~2,x,method=_RETURNVERBOSE)
[Out] -cot(b*x+a)/b

Maxima [A]
time = 0.28, size = 13, normalized size = 1.18
.
btan (bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~2,x, algorithm="maxima")
[Out] -1/(bxtan(b*x + a))
Fricas [A]

time = 3.03, size = 19, normalized size = 1.73

_cos (br + a)
bsin (bzx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~2,x, algorithm="fricas")
[Out] -cos(b*x + a)/(b*sin(b*x + a))
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/CSC2 (a + bx) dx

48



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**2,x)

[Out] Integral(csc(a + b*x)*x2, x)

Giac [A]
time = 0.45, size = 13, normalized size = 1.18

1
~ btan (bz + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~2,x, algorithm="giac")
[Out] -1/(b*tan(b*x + a))

Mupad [B]
time = 0.10, size = 11, normalized size = 1.00

_cot(a+bx)
b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(a + b*x)~2,x)
[Out] -cot(a + b*x)/b

49
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3.3 [ csc®(a + bx) dx

Optimal. Leaf size=34

_tanh™"(cos(a + bx))  cot(a+ bx) csc(a + bx)
2b 2b

[Out] -1/2*arctanh(cos(b*x+a))/b-1/2*cot (b*x+a)*csc(b*x+a)/b

Rubi [A]
time = 0.01, antiderivative size = 34, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 2, number of rules used = 2, integrand size = 8,
Rules used = {3853, 3855}

_tanh™"(cos(a + bx))  cot(a+ bx) csc(a + bx)
2b 2b

Antiderivative was successfully verified.

[In] Int[Cscl[a + b*x]~3,x]

[Out] -1/2%ArcTanh[Cos[a + b*x]]/b - (Cot[a + b*x]*Cscl[a + bx*x])/(2xb)
Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x]1)"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh([Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rubi steps

/csc3(a + bz) dz = _cotla+ bx;l():sc(a +bo) + % / csc(a + bx) dz

tanh™'(cos(a + bx))  cot(a + bz) csc(a + bx)
T 2b - 2b

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 75 vs. 2(34) =
68.
time = 0.02, size = 75, normalized size = 2.21
csc® (2(a+bz))  log (cos (3(a+ bz))) N log (sin (3(a + bz))) N sec® (1(a + b))
8b 2b 2b 8b
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Antiderivative was successfully verified.

[In] Integrate[Csc[a + b*x]~3,x]

[Out] -1/8%Csc[(a + b*x)/2]1"2/b - Logl[Cos[(a + b*x)/2]11/(2%b) + Logl[Sin[(a + b*x)
/211/(2%b) + Sec[(a + bxx)/2]72/(8%b)

Maple [A]
time = 0.07, size = 38, normalized size = 1.12

method result size
__csc(zb+a) cot(zb+a) + In(csc(zb+a)—cot(xzb+a))

derivativedivides 2 5 2 38
__csc(zb+a) cot(zb+a) + In(csc(zb+a)—cot(xzb+a))

default 2 5 2 38

4(a | zb

_1 tan (7+7) ln(tan(%-l-%b))

norman 8b & 4 5% 51

tan ( 5+ %b)
. 3i(zb+a) | oi(zb+a) In(ei(zb+a) _1 In(ef(zd+a) 11
risch b o i n(e ) _ Infe ) | 72
b(e2i(zb+a) 1) 2b 2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~3,x,method=_RETURNVERBOSE)
[Out] 1/bx(-1/2*xcsc(b*x+a)*cot (b*x+a)+1/2*1n(csc(b*x+a)-cot (b*x+a)))
Maxima [A]

time = 0.29, size = 46, normalized size = 1.35

—Czs((:z;ﬁz;;i)l — log (cos (bx + a) + 1) + log (cos (bx + a) — 1)
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~3,x, algorithm="maxima")
[Out] 1/4*(2*cos(b*x + a)/(cos(b*x + a)"2 - 1) - log(cos(b*x + a) + 1) + log(cos(
bxx + a) - 1))/b
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 72 vs.
2(30) = 60.
time = 3.35, size = 72, normalized size = 2.12

(cos (bz + a)? — 1) log (% cos (bx +a) + 1) — (cos (bz + a)® — 1) log (—3 cos (b +a) + 1) — 2 cos (bz + a)

4 (beos (bx + a)? — b)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~3,x, algorithm="fricas")
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[Out] -1/4%((cos(b*x + a)~2 - 1)*log(1l/2xcos(b*x + a) + 1/2) - (cos(b*x + a)~2 -
1)*log(-1/2*cos(b*x + a) + 1/2) - 2xcos(b*x + a))/(b*cos(b*x + a)~2 - b)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ csc® (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**3,x)
[Out] Integral(csc(a + b*x)*x3, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 92 vs. 2(30) = 60.
time = 0.43, size = 92, normalized size = 2.71

2 bzr+a)—1
( E:?aoss(gz-ra))-ﬁ-l : _1) (cos(bz+a)+1) cos(bz+a)—1 2 1o |— cos(bz+a)+1|
cos(bz+a)—1 cos(bz+a)+1 2 |cos(bz+a)+1|

8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~3,x, algorithm="giac")
[Out] -1/8*%((2*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 1)*(cos(b*x + a) + 1)/(cos
(bxx + a) - 1) + (cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 2xlog(abs(-cos(b*x
+ a) + 1)/abs(cos(b*x + a) + 1)))/b
Mupad [B]
time = 0.11, size = 36, normalized size = 1.06
cos (a + bx) _ atanh(cos (a + b 7))
2b (cos(a+bz)* —1) 2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(a + b*x)~3,x)
[Out] cos(a + b*x)/(2*b*(cos(a + b*x)"2 - 1)) - atanh(cos(a + b*x))/(2xb)
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3.4 [ csc*(a + bx) dx

Optimal. Leaf size=27
_cot(a+bzr) cot’(a+ bx)
b 3b

[Out] -cot(b*x+a)/b-1/3*cot (b*x+a) 3/b

Rubi [A]
time = 0.01, antiderivative size = 27, normalized size of antiderivative = 1.00, number of

steps used = 2, number of rules used = 1, integrand size — 8, Bumber of rules _ 195
integrand size
Rules used = {3852}

cot’(a +bx)  cot(a + bx)
3b b

Antiderivative was successfully verified.

[In] Int[Cscla + b*x]~4,x]

[Out] -(Cot[a + b*x]/b) - Cotl[a + b*x]~3/(3%*b)
Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps

Subst 1 2 d , t b
/Csc4(a+bx)dx=_ ubst (f ( +-’r)bx,x cot(a + bz))
__cot(a+bx) cot(a+bx)
B b 35

Mathematica [A]
time = 0.02, size = 35, normalized size = 1.30

_2cot(a+bz) cot(a+ br) csc?(a + bx)
3b 3b

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x]~4,x]
[Out] (-2xCot[a + b*x])/(3*%b) - (Cot[a + b*x]*Csc[a + b*x]~2)/(3%b)
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Maple [A]
time = 0.04, size = 23, normalized size = 0.85
method result size
(5250
derivativedivides 5 23
<— % - (cscz(;m—a))> cot(zb+a)
default 5 23
. 4-(3 2i(wb+a)_1)
risch 3’;(9261,(766—_’_“)_13 33
1 3(tan2(%+%b))+3(tan4(g+%b)) tans(%+xb)
norman b 5 24b 67
tan < 5+ %)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~4,x,method=_RETURNVERBOSE)
[Out] 1/b*x(-2/3-1/3%csc(b*x+a)~2)*cot (b*xx+a)

Maxima [A]
time = 0.28, size = 25, normalized size = 0.93
_ 3 tan (br + a)’ +1
3btan (bz + a)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~4,x, algorithm="maxima")

[Out] -1/3*(3*tan(b*x + a)~2 + 1)/(bxtan(b*x + a)~3)

Fricas [A]
time = 2.89, size = 45, normalized size = 1.67

2 cos (bz + a)® — 3 cos (bz + a)
3 (bcos (bx + a)® — b) sin (bz + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~4,x, algorithm="fricas")

[Out] -1/3%(2xcos(b*x + a)~3 - 3*cos(b*x + a))/((bxcos(b*x + a)~2 - b)*sin(b*x +
a))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/csc4 (a + bx) dx




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**4,x)
[Out] Integral(csc(a + b*x)*x4, x)
Giac [A]

time = 0.43, size = 25, normalized size = 0.93

_ 3 tan (br + a)’+1
3btan (bz + a)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~4,x, algorithm="giac")
[Out] -1/3%(3*tan(b*x + a)~2 + 1)/(b*tan(b*x + a)~3)

Mupad [B]
time = 0.08, size = 21, normalized size = 0.78

cot(a + bz) (cot(a+bz)* +3)
- 3b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(a + b*x)~4,x)
[Out] -(cot(a + b*x)*(cot(a + b*x)~2 + 3))/(3%b)

95
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3.5 [ ese®(a + bx) dz

Optimal. Leaf size=55

_3tanh_1(cos(a +bz))  3cot(a+br)csc(a+br)  cot(a+ bx)csc’(a + bx)
8b 8b 4b

[Out] -3/8*arctanh(cos(b*x+a))/b-3/8*cot (b*x+a)*csc(b*x+a)/b-1/4*cot (b*x+a)*csc(b
*x+a) ~3/b

Rubi [A]

time = 0.02, antiderivative size = 55, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 3, number of rules used = 2, integrand size = 8,
Rules used = {3853, 3855}

_3tanh_1(cos(a +bz)) cot(a+ bz) csc3(a + bx) _ 3cot(a + bz) csc(a + b)
8b 4b 8b

Antiderivative was successfully verified.

[In] Int[Csc[a + b*x]~5,x]

[Out] (-3*ArcTanh[Cos[a + b*x]])/(8*b) - (3*Cot[a + b*x]*Csc[a + b*x])/(8%b) - (C
ot[a + bxx]*Csc[a + bxx]~3)/(4%b)

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2*((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rubi steps
3
/csc5 (a+ bx)dx = _cot(a+ bx)4zsc (a +ba) + z?; /csc3 (a+ bz)dx
3
_ 3 cot(a + bmS)bcsc(a +bz) cot(a+ bx)4(l:)sc (a + bx) N g / ese(a+ br) dz

B 3tanh™'(cos(a + bx)) _ 3cot(a+bzx)csc(a+bx) cot(a+ bx)csc’(a + bx)

8b 8b 4b




o7

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 113 vs. 2(55) =

110.
time = 0.02, size = 113, normalized size = 2.05

3csc? (3(a+bx))  csct ((a+bz)) 3log(cos(i(a+bz))) 3log(sin(3(a+bx))) 3sec® (A(a+bz)) sect (L(a+bz))
T T e 8b * 8b * 3% 64b

Antiderivative was successfully verified.

[In] Integrate[Csc[a + b*x]~5,x]

[Out] (-3*Csc[(a + b*x)/2]72)/(32%b) - Cscl[(a + b*x)/2]74/(64%b) - (3*Log[Cos[(a
+ bxx)/2]11)/(8%b) + (3*Logl[Sin[(a + b*x)/2]1]1)/(8%b) + (3*Sec[(a + b*x)/2]"2
)/(32%b) + Sec[(a + bxx)/2]74/(64%Db)

Maple [A]
time = 0.07, size = 50, normalized size = 0.91

method result size
<_ (csc3(zb+a)) _ 3csc(g:b+a)> cot(xb+a)+ 31n(csc(zb+a8)—cot(mb+a))

derivativedivides 5 50
<_ (cscg(ZbJra)) _ 3csc(;¢b+a)> Cot(zb_'_a)_i_31n(csc(mb+a8)7cot(a:b+a))

default 50

g3 ) o0 (3+9) o (88)  an(uan(3+2))
norman “64b 8b + 8b 64b 22 83
tan<%+%b) 8b
isch 3 e7i(ab+a) _11 ¢5i(ab+a) _11 ¢3i(ab+a) {3 gi(zb+a)  3In(ef(=b+a)41) n 3In(et(®b+a)_1) 99
T1SC 4b(e2i(zb+a)_1)4 8b 8b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~5,x,method=_RETURNVERBOSE)

[Out] 1/b*x((-1/4*csc(b*x+a) " 3-3/8*csc(b*xx+a))*cot (b*x+a)+3/8*1ln(csc(b*xx+a)-cot (b*
x+a)))

Maxima [A]

time = 0.29, size = 71, normalized size = 1.29

2 (3 cos(bz+a)®—5 cos(ba:+a,)>

cos(bz+a)?—2 cos(bz+a)’+1 3 log (COS (bl’ + a) + 1) +3 log (COS (b.’l? + a) - 1)

16 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~5,x, algorithm="maxima")

[Out] 1/16%(2%(3*cos(b*x + a)~3 - 5xcos(b*x + a))/(cos(b*xx + a)~4 - 2xcos(b*x + a
)72 + 1) - 3*log(cos(b*x + a) + 1) + 3xlog(cos(b*x + a) - 1))/b
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 112 vs.
2(49) = 98.
time = 4.42, size = 112, normalized size = 2.04

6 cos (bz + a)® — 3 (cos (bz + a)* — 2 cos (bz + a)® + 1) log (3 cos (bz +a) + 3) + 3 (cos (bz + a)* — 2 cos (bz + a)® + 1) log (—3 cos (bz + a) + 3) — 10 cos (bz + a)
16 (beos (bz + a)* — 2bcos (bz + a)® + b)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)”~5,x, algorithm="fricas")

[Out] 1/16*(6%cos(b*x + a)~3 - 3x(cos(b*x + a)~4 - 2xcos(b*x + a)”2 + 1)*log(1/2x%
cos(b*x + a) + 1/2) + 3*(cos(b*x + a)~4 - 2xcos(b*x + a)~2 + 1)*log(-1/2%co
s(b*x + a) + 1/2) - 10*cos(b*x + a))/(b*cos(b*x + a)”4 - 2¥b*cos(b*x + a)~2

+ b)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/csc5 (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**5,x)
[Out] Integral(csc(a + b*xx)**5, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 138 vs. 2(49) =

98.
time = 0.44, size = 138, normalized size = 2.51

8 (cos(bz+a)—1) 18 (cos(bzta)—1)2 2
( cos(bz+a)+1 (cos(bz+a)+1)2 1) (cos(bata)+1) __ 8(cos(bz+a)—-1) (cos(bz+a)—1)2 +12 lOg (|—Cos(bz+a)+1|>

(cos(bz+a)—1)2 cos(bz+a)+1 (cos(bz+a)+1)2 |cos(bz+a)+1|
645

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~5,x, algorithm="giac")

[Out] 1/64%((8*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 18x(cos(b*x + a) - 1)72/(c
os(b*x + a) + 1)72 - 1)*(cos(bxx + a) + 1)72/(cos(b*x + a) - 1)72 - 8*(cos(

b*x + a) - 1)/(cos(b*x + a) + 1) + (cos(b*x + a) - 1)72/(cos(b*x + a) + 1)~

2 + 12xlog(abs(-cos(b*x + a) + 1)/abs(cos(b*x + a) + 1)))/b

Mupad [B]

time = 0.13, size = 59, normalized size = 1.07

3
3atanh(cos (a + bx)) 5 Cos(g+b$) _ 3cos(aé+bw)

8b _b(cos(a+bx)4—2cos(a+bx)2+1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(a + b*x)~5,x)

[Out] - (3*atanh(cos(a + b*x)))/(8%b) - ((5xcos(a + b*x))/8 - (3*cos(a + b*x)~3)/
8)/(b*(cos(a + b*x)~4 - 2%cos(a + b*x)~"2 + 1))
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3.6 [ csc®(a + bx) dx

Optimal. Leaf size=42

_cot(a+bzx) 2cot’(a+bxr) cot’(a+ bx)
b 3b 5b

[Out] -cot(b*x+a)/b-2/3*cot (b*x+a) ~3/b-1/5*cot (b*x+a) ~5/b

Rubi [A]
time = 0.01, antiderivative size = 42, normalized size of antiderivative = 1.00, number of

steps used = 2, number of rules used = 1, integrand size = 8, number of rules _ 0.125,
integrand size
Rules used = {3852}

cot’(a+bx) 2cot’(a+bx) cot(a+ bx)
5b 3b b

Antiderivative was successfully verified.

[In] Int[Cscl[a + b*x]~6,x]

[Out] -(Cot[a + b*x]/b) - (2xCot[a + b*x]~3)/(3*b) - Cot[a + bxx]~5/(5%b)
Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps
/cscG(a + bx) dz = _ Subst(J (1+22” + 924) dz, z, cot(a + bz))
__cot(a+bzr) 2cot’(a+bzr) cot’(a+ bx)
b 3b 5b

Mathematica [A]
time = 0.02, size = 56, normalized size = 1.33

_8cot(a+bx) 4cot(a+br)csc’(a+bx)  cot(a+ bx)csct(a + bx)
15b 15b 5b

Antiderivative was successfully verified.

[In] Integrate[Csc[a + b*x]~6,x]
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[Out] (-8*Cot[a + b*x])/(15%b) - (4*Cot[a + b*x]*Csc[a + b*x]~2)/(15%b) - (Cotla
+ bxx]*Cscl[a + bxx]~4)/(5%b)

Maple [A]
time = 0.05, size = 33, normalized size = 0.79

method result size

(csc4(wb+a)) 4(csc2(wb+a))

<—185— o — 15 ) cot(zb+a)
b

CSC4 x a CSC2 x a
<_fs_( (et )) —4( (bt ))> cot(zb+a)

33

derivativedivides

5 15

default - 43
i 164 (10 e*i(zbta) _5 e2i(zbta) 17)
I'lSCh - 15b(e2i(zb+a)_1)5 44
1 5(tan2(%+g2§)) 5(tan4(%+g2é)) 5(tan6 %+§2Q)) 5(tan8(%+§2é)) tanlo(%+$2h)
norman 1606 96b - 16b + 16b + 96b 160b 99

tan(ﬂ—i—m—b)s
2T 72

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~6,x,method=_RETURNVERBOSE)
[Out] 1/b*x(-8/15-1/5%csc(b*x+a) "4-4/15%csc(b*x+a)~2) *xcot (b*x+a)
Maxima [A]

time = 0.29, size = 35, normalized size = 0.83

15 tan (bz +a)" + 10 tan (bz +a)’ +3
15btan (bz + a)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)”6,x, algorithm="maxima")
[Out] -1/156%(15%tan(b*x + a)~4 + 10*tan(b*x + a)~2 + 3)/(b*tan(b*x + a)~5)
Fricas [A]

time = 2.92, size = 64, normalized size = 1.52

8 cos (br + a)® — 20 cos (bz + a)® + 15 cos (bz + a)
15 (bcos (bz + a)* — 2bcos (bz + a)® + b) sin (bz + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~6,x, algorithm="fricas")

[Out] -1/15%(8*cos(b*x + a)~5 - 20%cos(b*x + a)~3 + 15xcos(b*x + a))/((b*xcos(b*x
+ a)~4 - 2xbxcos(b*x + a)~2 + b)*sin(b*x + a))
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ csc® (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**6,x)
[Out] Integral(csc(a + b*x)*x6, x)
Giac [A]

time = 0.44, size = 35, normalized size = 0.83

_ 15 tan (bz + a)* + 10 tan (bz + a)* + 3
15btan (bz + a)®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~6,x, algorithm="giac")
[Out] -1/15%(15*tan(b*x + a)~4 + 10*tan(b*x + a)~2 + 3)/(b*tan(b*x + a)~b)

Mupad [B]
time = 0.10, size = 38, normalized size = 0.90

_cot(a+bz) 2cot(a + bx)® B cot(a + bz)®
b 3b 5b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(a + b*x)~6,x)
[Out] - cot(a + b*x)/b - (2%cot(a + b*x)~3)/(3*%b) - cot(a + b*x)~5/(5%b)
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3.7 [ csc’(a + bx) dx

Optimal. Leaf size=76

5 tanh ™ (cos(a + b)) _ 5cot(a +bz)csc(a+bz) 5cot(a+ bz) csc3(a + bx) __cot(a + bz) cscd(a + br)
16b 16b 24b 6b

[Out] -5/16*arctanh(cos(b*x+a))/b-5/16%cot (b*x+a)*csc(b*x+a)/b-5/24*cot (b*x+a)*cs
c(b*x+a) ~3/b-1/6*cot (b*x+a) *csc(b*x+a) “5/b

Rubi [A]
time = 0.03, antiderivative size = 76, normalized size of antiderivative = 1.00, number of
steps used = 4, number of rules used = 2, integrand size = 8, Bumber of rules _ 950

integrand size
Rules used = {3853, 3855}

_ 5tanh™!(cos(a + bz))  cot(a+bx)csc®(a+bz)  5cot(a +bx)csc*(a+bx)  5cot(a + bx) csc(a + bx)
16b 6b 24b 16b

Antiderivative was successfully verified.
[In] Int[Cscl[a + b*x]"7,x]

[Out] (-5*ArcTanh[Cos[a + b*x]])/(16%b) - (5*Cot[a + b*x]*Csc[a + b*x])/(16xb) -
(5%Cot[a + b*x]*Cscl[a + bxx]~3)/(24xb) - (Cot[a + b*x]*Cscl[a + b*x]~5)/(6*b

)

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Csclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &

& IntegerQ[2x*n]

Rule 3855
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps
5
/ csc’(a + bz) dx = _cotla+ bx)6(;sc (a +ba) + g / csc®(a + bz) dz
_ 5cot(a+bxr)cesc®(a+br) cot(a+br)csc®(a+bx) 5 5
=— odh — o —I—g/csc (a + bx) dx
_5cot(a +bz)csc(a+bz)  5cot(a+ bz) csc3(a + bx) _ cot(a + br) cscd(a + br) N

16b 24b 6b
B 5tanh ™ (cos(a + bx)) _ 5cot(a+bx)csc(a+bx) 5cot(a+br)esc’(a+bz) o
160 16b 24b
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Mathematica [A]
time = 0.02, size = 151, normalized size = 1.99

Scsc? (3(a+bw)) esc! (5(a+bx)) esc® (3(a+bx))  Slog (cos (3(a+ b)) + 5log (sin (3(a+bz)))  5sec? (2(a+bz)) sec! (2(a+bz))  sect (3(a+bz))
64b 64b 384b 16 16b 64b 64b 384b

Antiderivative was successfully verified.

[In] Integrate[Cscl[a + b*x]~7,x]

[Out] (-5%Csc[(a + b*x)/2]72)/(64%b) - Cscl[(a + b*x)/2]74/(64%b) - Csc[(a + b*x)/
2]76/(384%b) - (5*Logl[Cos[(a + b*x)/2]1]1)/(16%b) + (5*Log[Sin[(a + bxx)/2]]1)
/(16%b) + (5xSec[(a + b*x)/2]72)/(64%b) + Sec[(a + bxx)/2]"4/(64*b) + Sec[(

a + bxx)/2]76/(384x*b)

Maple [A]

time = 0.09, size = 60, normalized size = 0.79

method result
5 (zb+ 5(csc3 (@bt
(_ (csc (: a)) _ (csc 2(: ‘l)) _ 5csc(11éb+a,)> cot(zb+a)+ 51n(csc(mb+(1%—cot(:tb+a))
derivativedivides 5
(csc5(xb+a)) 5(csc3(xb+a)) 5 csc(zbta) b 5 In(csc(wbta) —cot (wb+a))
- 6 - 24 -7 16 cot(zb+a)+ 16
default 5
Ly sl (5 ) st (849)  ioont(54%)) | o®(504)) w®(50%)  gia(ran(g)
norman 384b 1286 128b 1285 1286 3840
a  zb 6 16b
tan<§+7)
risch 15 ¢11i(eb+a) g5 e9i(ab+a) 4198 eTileb+a) 4 108¢5(s0+a) g5 dilabta) p15ilabta) | Sla(el=+®)—1)  Sln(el(=bt

24b(62i(zb+a)_1)6 16b 16b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~7,x,method= RETURNVERBOSE)

[Out] 1/bx((-1/6*csc(bxx+a) ~5-5/24*csc(b*x+a) ~3-5/16*csc(b*x+a))*cot (b*xx+a)+5/16%
1n(csc(b*x+a)-cot (b*xx+a)))

Maxima [A]

time = 0.33, size = 91, normalized size = 1.20

2 (15 cos(bz+a)®—40 cos(bz+a)3+33 cos(bw—i—a))

cos(bz+a)®—3 cos(bz+a)*+3 cos(bz+a)?—1 —15 log (COS (b.’IJ‘ + a) + 1) +15 log (COS (biI? + a) o 1)

96b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)”~7,x, algorithm="maxima")

[Out] 1/96*%(2x(15*cos(b*x + a)~5 - 40*cos(b*x + a)~3 + 33*cos(b*x + a))/(cos(b*x
+ a)”"6 - 3*cos(b*x + a)~4 + 3*cos(b*x + a)”2 - 1) - 15%log(cos(b*x + a) + 1

) + 15%log(cos(b*x + a) - 1))/b
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 155 vs.
2(68) = 136.
time = 3.65, size = 155, normalized size = 2.04

30 cos (bz + a)® — 80 cos (b + )’ — 15 (cos (bz + a)° — 3 cos (bz + a)” + 3 cos (bz + a)* — 1) log (4 cos (bz + a) + 1) + 15 (cos (b + a)° — 3 cos (bz + a)* + 3 cos (b + a)* — 1) log (=3 cos (b + a) + 1) + 66 cos (bz + a)
96 (bcos (ba + a)® — 3bcos (bz + a)" + 3bcos (be + a)® — b)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)”~7,x, algorithm="fricas")

[Out] 1/96%(30*cos(b*x + a)~5 - 80*cos(b*x + a)~3 - 15%(cos(b*x + a)~6 - 3*cos(bx
X + a)74 + 3%cos(bxx + a)”2 - 1)*log(1/2*cos(b*x + a) + 1/2) + 15x(cos(b*x

+ a)76 - 3xcos(b*x + a)”4 + 3*cos(b*x + a)”2 - 1)*log(-1/2*cos(b*x + a) + 1

/2) + 66*cos(bxx + a))/(b*cos(b*x + a)~6 - 3*b*cos(b*x + a)~4 + 3*bxcos(b*x
+a)”2 - b)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ csc’ (a + bz) d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**7,x)
[Out] Integral(csc(a + b*x)*x7, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 182 vs. 2(68) =

136.
time = 0.48, size = 182, normalized size = 2.39

9 (cos(bz+a)—1) _ 45 (cos(bz+a)—1)2 | 110 (cos(bz+a)—1)3 1 1)
( cos(bz+a)+1 (cos(bz+a)+1)2 ' (cos(bzta)+1)3 (cos(ba+a)+1) 45 (cos(bzta)—1) 9 (cos(bz+a)—1)? + (cos(bz+a)—1)% — 60 1o |— cos(bz+a)+1|
(cos(bz+a)—1)3 cos(bz+a)+1 (cos(bz+a)+1)2 (cos(bz+a)+1)° g |cos(bz+a)+1|

384b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)”~7,x, algorithm="giac")

[Out] -1/384%((9*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 45%(cos(b*x + a) - 1)°2/
(cos(b*x + a) + 1)72 + 110*(cos(b*x + a) - 1)73/(cos(b*x + a) + 1)73 - 1)*(
cos(bxx + a) + 1)73/(cos(b*x + a) - 1)73 + 45%(cos(b*x + a) - 1)/(cos(b*x +

a) + 1) - 9*(cos(b*x + a) - 1)72/(cos(b*x + a) + 1)°2 + (cos(b*x + a) - 1)
~3/(cos(b*x + a) + 1)73 - 60*log(abs(-cos(b*x + a) + 1)/abs(cos(b*x + a) +
1)))/v

Mupad [B]

time = 0.15, size = 78, normalized size = 1.03

5 3
SCos(clz;—bw) . 5cos(tg+bx) + 11 cosl(g—i-bz) ~ 5atanh(cos (CL + b.’I)))

b (cos(a+bx)® —3cos(a+bz)* +3cos(a+bx) —1) 160
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(a + b*x)~7,x)
[Out] ((11*cos(a + b*x))/16 — (5%cos(a + b*x)~3)/6 + (6xcos(a + b*x)~5)/16)/(b*(3
*cos(a + b*x)~2 - 3xcos(a + b*x)~4 + cos(a + b*x)~6 - 1)) - (5*atanh(cos(a

+ b*x)))/(16%Db)
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3.8 [ csc®(a + bx) dx

Optimal. Leaf size=55

_cot(a+bz) cot’(a+br) 3cot’(a+br) cot’(a+bx)
b b 5b 7b

[Out] -cot(b*x+a)/b-cot(b*x+a) ~3/b-3/5*cot (b*x+a) ~5/b-1/T*cot (b*xx+a)~7/b

Rubi [A]
time = 0.01, antiderivative size = 55, normalized size of antiderivative = 1.00, number of

steps used = 2, number of rules used = 1, integrand size — 8, Bumber of rules _ 195
integrand size
Rules used = {3852}

cot’(a +bx) 3cot’(a+bxr) cot’(a+bx) cot(a+ bx)
7b 5b b b

Antiderivative was successfully verified.

[In] Int[Cscl[a + b*x]~8,x]

[Out] -(Cot[a + b*x]/b) - Cot[a + b*x]~3/b - (3*Cot[a + b*x]~5)/(5%b) - Cotl[a + b
*xx] "7/ (7*b)

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps
/cscS(a +ba) dz — _Subst(f (1+ 322 + 3:54;_ %) dz, z, cot(a + bz))
__cot(a+br) cot’(a+br) 3cot’(a+bx) cot’(a+ bx)
- b b 5b 7h

Mathematica [A]
time = 0.02, size = 77, normalized size = 1.40

_16cot(a+bx) 8cot(a+br)csc’(a+bxr)  6cot(a+ br)csc'(a+bx)  cot(a+ bx)csc’(a+ bx)
35b 350 35 ()

Antiderivative was successfully verified.

[In] Integrate[Csc[a + b*x]~8,x]
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[Out] (-16xCot[a + b*x])/(35%b) - (8*Cot[a + b*x]*Csc[a + b*x]~2)/(35%b) - (6*Cot
[a + bxx]*Csc[a + b*x]~4)/(35%b) - (Cot[a + b*x]*Csc[a + b*x]~6)/(7*b)

Maple [A]
time = 0.05, size = 43, normalized size = 0.78

method result
cscﬁ(wb+a) 6 csc4(wb+a) 8 csc2(:cb+a)
<_:§g_ ( - ) _ ( 35 ) — ( 5 ) cot(zb+a)
derivativedivides 5
cscG(xb+a) [ csc4(xb+a) 8 cscz(wb+a)
<_ég_ ( - ) _ ( i ) — ( 5 ) cot(zb+a)
default 7

32 (35 ebi(zbta) 91 gdi(xb+a) +7 e2i(zb+a) _1)

risch 350 (2t 1)
, 7(san?(4+%0)) 7(tan?(§+2)) 35(tanS(§+2)) | 35(tan®(§+%)) | 7(tanl®(g+%2)) | 7(tanl?(g+%))
norman —_896b 640b — 128b — 128b + 128b + 128b 640b '
7

tan(%-{—%b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~8,x,method=_RETURNVERBOSE)
[Out] 1/b*x(-16/35-1/7*csc(b*x+a) ~6-6/35*csc(b*x+a) ~4-8/35*csc (b*x+a) ~2) *cot (bxx+a
)
Maxima [A]
time = 0.33, size = 45, normalized size = 0.82
_ 35 tan (bz + a)® 4 35 tan (bz + a)* + 21 tan (bz + a)* + 5
35btan (bx + a)”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~8,x, algorithm="maxima")
[Out] -1/35%(35xtan(b*x + a)~6 + 3bxtan(b*x + a)~4 + 21xtan(b*x + a)~2 + 5)/(b*ta
n(bxx + a)~7)
Fricas [A]
time = 3.18, size = 87, normalized size = 1.58
16 cos (bz + a)” — 56 cos (bz + a)° + 70 cos (bz + a)® — 35 cos (bz + a)
35 (bcos (b + )® — 3bcos (b + a)* + 3bcos (bx + a)® — b) sin (bz + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~8,x, algorithm="fricas")
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[Out] -1/35%(16*xcos(b*x + a)~7 - 56xcos(bxx + a)~5 + 70xcos(bxx + a)~3 - 35xcos(b
*x + a))/((bxcos(b*x + a)~6 - 3xb*cos(b*x + a)~4 + 3xbxcos(b*x + a)”2 - b)*
sin(b*x + a))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ csc® (a + br) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**8,x)
[Out] Integral(csc(a + b#*x)**8, x)
Giac [A]

time = 0.46, size = 45, normalized size = 0.82

_ 35 tan (bz + a)°® 4 35 tan (bz + a)* + 21 tan (bz + a)® + 5
35btan (bz + a)"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~8,x, algorithm="giac")

[Out] -1/35%(35*tan(b*x + a)~6 + 35*%tan(b*x + a)~4 + 21xtan(b*x + a)~2 + 5)/(b*ta
n(b*x + a)~7)

Mupad [B]

time = 0.13, size = 41, normalized size = 0.75

tan(a + bz)® + tan(a + bz)* + w +1

btan (a+bx)"

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(a + b*x)~8,x)

[Out] -((3*tan(a + b*x)~2)/5 + tan(a + b*x)~4 + tan(a + b*x)"6 + 1/7)/(bxtan(a +
b*xx) ~7)
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3.9 | csct(a + bx) da

Optimal. Leaf size=90

_ 6cos(a + bx) \/csc(a + b) 2cos(a—|—bz)cscz (a + bx) 6\/Csca+ba: ) E(i(a— % +bz)|2) /sin(a
5b 5b 5b

[Out] -2/5*cos(b*x+a)*csc(b*xx+a)~(5/2)/b-6/5*cos (b*x+a)*csc(bxx+a) ~(1/2) /b+6/5%(s
in(1/2%a+1/4*Pi+1/2xb*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2*bxx)*E1lipticE(cos(1
/2*xa+1/4*Pi+1/2*xb*xx) ,27(1/2) ) *csc(b*x+a) ~(1/2) *sin(b*x+a)~(1/2) /b

Rubi [A]
time = 0.03, antiderivative size = 90, normalized size of antiderivative = 1.00, number of

number of rules — 0.300,
integrand size

steps used = 4, number of rules used = 3, integrand size = 10,
Rules used = {3853, 3856, 2719}

2 cos(a + bx) csc? (a + bx) _ 6cos(a +bx)\/csc(a +bx) 6+/sin(a + bz) \/csc(a +bz) E(L(a+bz —I)|2)
5b 5b 5b

Antiderivative was successfully verified.
[In] Int[Cscl[a + b*x]~(7/2),x]

[Out] (-6*Cos[a + b*x]*Sqrt[Csc[a + bxx]])/(5%b) - (2%Cos[a + b*x]*Cscla + b*x]~(
5/2))/(5%b) - (6xSqrt[Csc[a + b*x]]*EllipticE[(a - Pi/2 + b*x)/2, 2]1*Sqrt[S
in[a + b*x]])/(5xb)

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQl[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(bxCsclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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/csczZ (a+bz)de = — 2c0s(a + bmg);zscz (a+bz) + g /cscg (a + bx) dx

_6cos(a+bz)y/csc(a+bz)  2cos(a+ bx) cscs (a + bx) 3 / 1 i
= 5 5. Jesota £ ba)
_ 6 cos(a + bz)/csc(a+bzx)  2cos(a+bz)cscz(a+bz) é <3\/m N

5b 5b
6cos(a+ bz)+/csc(a + br)  2cos(a+ bz)csci(a+bz) 6+/csc(a+bz) E(1(a
o 5b - 5b -

Mathematica [A]
time = 0.21, size = 63, normalized size = 0.70

cscs (a + bz) (=7 cos(a + bz) + 3cos(3(a + bz)) + 12E( L (—2a + 7 — 2bz)| 2) sin3 (a + bx)
7
10b

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x]~(7/2),x]

[Out] (Cscla + b*x]~(5/2)*(-7*Cos[a + b*x] + 3*Cos[3*x(a + b*x)] + 12*EllipticE[(-
2%a + Pi - 2%b*x)/4, 2]*Sin[a + bxx]7(5/2)))/(10%b)

Maple [A]
time = 0.14, size = 160, normalized size = 1.78

method | result

6/sin (zb+a) +1 \/—2sin (zb+a) +2 \/—sin (zb+ a) (sin?(ab+a)) EllipticE<\/SiIl (zb+a) +
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~(7/2),x,method=_RETURNVERBOSE)

[Out] 1/5/sin(b*x+a)~(5/2)*(6*(sin(b*x+a)+1)~(1/2)*(-2xsin(b*x+a)+2)~(1/2)*(-sin(
b*x+a))~(1/2) *sin(b*x+a) "2xEllipticE((sin(b*x+a)+1)~(1/2),1/2%27(1/2))-3*(s
in(b*x+a)+1) " (1/2) *(-2xsin(b*x+a)+2) "~ (1/2) *(-sin(b*x+a) ) ~(1/2) *sin(b*x+a) "2
*E1lipticF((sin(b*x+a)+1)~(1/2),1/2%27(1/2))+6*sin(b*x+a) “4-4*sin(b*x+a) ~2-

2) /cos(b*x+a)/b

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(7/2),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(7/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.76, size = 120, normalized size = 1.33

2 (3 cos(br+a)’ 4 cos(ba-+a) )

3/2i (cos (bx + a)” — 1) weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a))) + 3 V=24 (cos (bz + a)* — 1) weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) — i sin (bz + a))) + )
sin (bz +a

5 (beos (bz +a)’ — b)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(7/2),x, algorithm="fricas")

[Out] -1/5%(3*sqrt(2*I)*(cos(b*x + a)~2 - 1)*weierstrassZeta(4, 0, weierstrassPIn
verse(4, 0, cos(b*x + a) + Ixsin(b*x + a))) + 3*sqrt(-2xI)*(cos(b*x + a)~2

- 1)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x + a) - I*sin(b

*x + a))) + 2x(3*cos(b*x + a)~3 - 4*cos(b*x + a))/sqrt(sin(b*x + a)))/(b*co

s(bxx + a)~2 - b)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**(7/2),x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3060 deep

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(7/2),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(7/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (m)m‘“

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(a + b*x))~(7/2),x%)
[Out] int((1/sin(a + b*x))~(7/2), x)
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3.10 [ csc2(a + bx) dz

Optimal. Leaf size=67

_ 2cos(a + bx) cscs (a + bx) 2\/csc a+bz) F(i(a—%+bz)|2) \/sin(a + bz)
3b 3b

[Out] -2/3*cos(b*x+a)*csc(b*x+a) ~(3/2)/b-2/3*(sin(1/2*a+1/4%Pi+1/2*xbxx)~2)~(1/2)/
sin(1/2*a+1/4*Pi+1/2*xbxx)*E1llipticF(cos(1/2*a+1/4*Pi+1/2xb*x),2~(1/2))*csc(
b*x+a) ~(1/2)*sin(b*x+a) ~(1/2) /b

Rubi [A]
time = 0.02, antiderivative size = 67, normalized size of antiderivative = 1.00, number of

number of rules — 0.300,
integrand size

steps used = 3, number of rules used = 3, integrand size = 10,
Rules used = {3853, 3856, 2720}

2+/sin(a + bz) \/csc(a+bz) F(i(a+bz—7)|2) _ 2cos(a + bx) csc? (a + bz)
3b 3b

Antiderivative was successfully verified.
[In] Int[Cscla + b*x]~(5/2),x]

[Out] (-2*Cos[a + b*x]*Cscla + b*x]~(3/2))/(3*%b) + (2*Sqrt[Csc[a + b*x]]*Elliptic
F[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]])/(3*b)

Rule 2720

Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)"n*Sin[c + d*x]°n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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3
5 2 b 1
/csc2(a+bx) dex = _2cos(a+br) csci(a + ba) —i-g/\/csc(a—l-bx) dz

3b
2cos(a + bz) cscz(a + bz) 1 o ‘ / 1
=— + - ( Vcsc(a + bx) +/sin(a + bz dx
3b 3 <\/ ( ) Vsind ) ) sin(a + bx)
2 cos(a + bz) csc2 (a + bx) N 2y/csc(a+ bz) F(3(a— % +bx)|2) v/sin(a + bz)
o 3b 3b

Mathematica [A]
time = 0.09, size = 50, normalized size = 0.75

2 csc? (a + bz) (cos(a +bz) + F(1(—2a+m — 2bz)| 2) sin? (a + bx))
3b

Antiderivative was successfully verified.

[In] Integratel[Cscla + bxx]~(5/2),x]

[Out] (-2*Csc[a + b*x]~(3/2)*(Cos[a + b*x] + EllipticF[(-2*a + Pi - 2x%bx*x)/4, 2]%
Sinl[a + b*x]~(3/2)))/(3*b)

Maple [A]
time = 0.09, size = 88, normalized size = 1.31

method | result
V/sin(zb+a) +1 \/—2sin (zb+a) +2 /—sin(zb+ a) EllipticF<\/SiIl (xb+a)+1, @) sin(z

3
3sin(xb+a) 2 cos(xzb+a)b

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/3/sin(b*x+a) " (3/2)*((sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2) ~(1/2) *(-sin(b*
x+a)) " (1/2)*EllipticF((sin(b*x+a)+1)~(1/2),1/2%27(1/2))*sin(b*x+a)-2*cos (b*
x+a) ~2) /cos (b*x+a) /b

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(5/2),x, algorithm="maxima")
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[Out] integrate(csc(b*x + a)~(5/2), x)
Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.72, size = 88, normalized size = 1.31

—i V24 sin (bx + a) weierstrassPInverse(4, 0, cos (bz + a) + i sin (bx + a)) + i v —2i sin (bz + a) weierstrassPInverse(4, 0, cos (bx + a) — i sin (bz + a)) — %
sin (bz +a

3bsin (bz + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(5/2),x, algorithm="fricas")

[Out] 1/3*%(-Ixsqrt(2*I)*sin(b*x + a)*weierstrassPInverse(4, 0, cos(b*x + a) + Ix*s
in(b*x + a)) + I*sqrt(-2xI)*sin(b*x + a)*weierstrassPInverse(4, 0, cos(b*x
+ a) - Ixsin(b*x + a)) - 2*cos(b*x + a)/sqrt(sin(b*x + a)))/(b*sin(b*x + a)

)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cscg (a+ bx)dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(b*x+a)**(5/2),x)
[Out] Integral(csc(a + b*x)**(5/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(5/2),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

[ (s ©

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(a + b*x))~(5/2),x)
[Out] int((1/sin(a + b*x))~(5/2), x)
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3.11 [ csc2(a + bx) dz

Optimal. Leaf size=63

_ 2cos(a+bz)\/csc(a+bz)  2v/csc(a+bx) E(5(a—§ +ba) |2) /sin(a + bx)
b b

[Out] -2*cos(b*x+a)*csc(b*x+a) ~(1/2) /b+2*x(sin(1/2*a+1/4*Pi+1/2%b*x) ~2)~(1/2)/sin(
1/2%a+1/4*Pi+1/2xb*x)*E11lipticE(cos(1/2*%a+1/4xPi+1/2%b*x) ,27(1/2))*csc(bxx+
a)~(1/2)*sin(b*x+a)~(1/2) /b

Rubi [A]
time = 0.02, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules _ 0.300,
integrand size

steps used = 3, number of rules used = 3, integrand size = 10,
Rules used = {3853, 3856, 2719}

_ 2cos(a+bx)\/csc(a+bx) 2+/sin(a + bz) v/csc(a+bz) E(i(a+bz—%)|2)
b b

Antiderivative was successfully verified.
[In] Int[Cscla + b*x]~(3/2),x]

[Out] (-2*Cos[a + b*x]*Sqrt[Csc[a + b*x]])/b - (2*Sqrt[Csc[a + b*x]]*EllipticE[(a
- Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]])/b

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2xn]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]°n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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3 2
/cscz(a+bx) d — cos(a + bx) \/csc (a + bx) /
vese(a + br)
_ _2cos(a+bz) b” csclatbz) _ <\/csc(a+bx)‘ V/sin(a + bx)‘ / Vsin(a + bzx) da
__2cos(a+bz)\/esc(a+bz)  2y/csc(a+bz) E(3(a—F+ba)|2) Vsin(a + bo)
o b b

Mathematica [A]
time = 0.06, size = 49, normalized size = 0.78

_2 csc(a + bzx) <cos(a +bz) — E(1(—2a+7 — 2bz)| 2) /sin(a + bx) )
b

Antiderivative was successfully verified.

[In] Integrate[Cscl[a + b*x]~(3/2),x]
[Out] (-2*Sqrt[Csc[a + b*x]]*(Cos[a + b*x] - EllipticE[(-2*a + Pi - 2%b*x)/4, 2]*
Sqrt[Sin[a + b*x]1))/b

Maple [A]
time = 0.11, size = 132, normalized size = 2.10

method | result
2¢/sin (zb+a) +1 \/—2sin(zb+a) +2 /—sin (zb+a) EllipticE<\/Sil’l (xb+a) + 1,‘/?)—

cos(zb+a

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~(3/2),x,method=_RETURNVERBOSE)

[Out] (2*(sin(b*x+a)+1)~(1/2)*(-2xsin(b*x+a)+2)~(1/2)*(-sin(b*x+a)) ~(1/2)*Ellipti
cE((sin(b*x+a)+1)~(1/2),1/2%2~(1/2))-(sin(b*x+a)+1) ~(1/2) * (-2*sin (b*x+a) +2)
~(1/2)*(-sin(b*x+a))~(1/2) *E1llipticF ((sin(b*x+a)+1)~(1/2),1/2%x2~(1/2))-2*co

s (b*x+a) ~2) /cos(b*xx+a) /sin(b*x+a) ~(1/2) /b

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(b*x+a)~(3/2),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(3/2), x)
Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.37, size = 72, normalized size = 1.14

V/2i weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (b + a) + i sin (b + a))) + v/—2i weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) — i sin (bz + a))) + %°°Zg”4’+a) )
sin (bx a
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(3/2),x, algorithm="fricas")

[Out] -(sqrt(2*I)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x + a) +
I*sin(b*x + a))) + sqrt(-2xI)*weierstrassZeta(4, 0, weierstrassPInverse(4,
0, cos(b*x + a) - I*sin(b*x + a))) + 2*cos(b*x + a)/sqrt(sin(b*x + a)))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/csc2 (a+ bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**(3/2),x)
[Out] Integral(csc(a + b*x)**(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(3/2),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ (W)w‘”

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(a + b*x))~(3/2),x)
[Out] int((1/sin(a + b*x))~(3/2), x)
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3.12 [ /csc(a +bx) dx

Optimal. Leaf size=41

2y/csc(a+ bx) F(3(a— % +bx)|2) v/sin(a + bx)

b

[Out] -2*(sin(1/2*a+1/4*Pi+1/2%b*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2%b*x)*E1lipticF(
cos(1/2xa+1/4xPi+1/2xb*x) ,27(1/2))*csc(b*x+a) ~(1/2)*sin(b*x+a) ~(1/2) /b

Rubi [A]

time = 0.01, antiderivative size = 41, normalized size of antiderivative = 1.00, number of

number of rules _ 90
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3856, 2720}

2+/sin(a + bz) \/csc(a+ bz) F(i(a+ bz — )] 2)
b

Antiderivative was successfully verified.
[In] Int[Sqrt[Cscla + b*x]],x]

[Out] (2xSqrt([Cscl[a + b*x]]*EllipticF[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]])/
b

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps

o ‘ 1
/\/csc(a—l-bx) dz = (\/csc(a—l-bw) \/sin(a + br) )/ N ET) dx
_ 2y/csc(a+ bz) F(3(a— % +bx)|2) v/sin(a + bz)

b
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Mathematica [A]
time = 0.04, size = 40, normalized size = 0.98

_2\/csc(a +bz) F(1(—2a+ m — 2bz)| 2) v/sin(a + bz)
b

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Cscla + b*x]],x]

[Out] (-2*Sqrt[Csc[a + b*x]]*EllipticF[(-2*a + Pi - 2xbxx)/4, 2]*Sqrt[Sin[a + b*x
11) /o

Maple [A]
time = 0.10, size = 69, normalized size = 1.68

method | result

Vsin(zb+a) +1 \/—2sin(zb+a) +2 /—sin(zb+a) EllipticF<\/SiIl (xb+a) + 1\/?)
default

cos(zb+a) \/sin (.’L‘b + a) | b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~(1/2),x,method=_RETURNVERBOSE)

[Out] (sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2)~(1/2)*(-sin(b*x+a))~(1/2)*EllipticF(
(sin(b*x+a)+1)~(1/2),1/2*x2~(1/2)) /cos (b*x+a) /sin(b*x+a) ~(1/2) /b

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(csc(b*x + a)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.75, size = 51, normalized size = 1.24

—i V/2i weierstrassPInverse(4, 0, cos (bz + a) + ¢ sin (bz + a)) + ¢ v/ —2i weierstrassPInverse(4, 0, cos (bz + a) — ¢ sin (bz + a))
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(1/2),x, algorithm="fricas")

[Out] (-I*sqrt(2*I)*weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a)) + Ix
sqrt (-2xI)*weierstrassPInverse(4, 0, cos(b*x + a) - I*sin(b*x + a)))/b
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ Vesclatba) do

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**(1/2),x)
[Out] Integral(sqrt(csc(a + b*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(csc(b*x + a)), x)

Mupad [B]
time = 0.12, size = 61, normalized size = 1.49

2 ein(a+50) F(asin(VVAIZEOE0DYo) feos @ rpay? [T

B bcos(a+bx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(a + b*x))~(1/2),x)
[Out] -(2*sin(a + b*x)~(1/2)*ellipticF(asin((27(1/2)*(1 - sin(a + b*x))~(1/2))/2)
, 2)*(cos(a + b*xx)~2)~(1/2)*(1/sin(a + b*x))~(1/2))/(b*cos(a + b*x))
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3.13 -dx

/ \/csc(a + br)

Optimal. Leaf size=41

2y/csc(a+bz) E(%(a— 2 +bz)|2) \/sin(a + bz)

b

[Out] -2*(sin(1/2*a+1/4*%Pi+1/2%b*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2%b*x)*E1lipticE(
cos (1/2*a+1/4*Pi+1/2xbxx) ,2~(1/2))*csc(b*x+a) ~(1/2) *sin(b*x+a)~(1/2) /b

Rubi [A]
time = 0.01, antiderivative size = 41, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.200,

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3856, 2719}

2+/sin(a + bzr) \/csc(a+bz) E(%(a+ bz —%)|2)
b

Antiderivative was successfully verified.
[In] Int[1/Sqrt[Cscla + bxx]],x]

[Out] (2xSqrt([Cscl[a + bxx]]*EllipticE[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]])/
b

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xl]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rubi steps

dx = <\/csc(a+bx)\/sin(a-i—bx))/\/sin(a—}-bx) dx
_ 2y/csc(a+br) E(%(a— 2 +bz)|2) /sin(a + bz)

b
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Mathematica [A]
time = 0.04, size = 40, normalized size = 0.98

2y/csc(a + bz) E(3(—2a+ m — 2bz)|2) \/sin(a + bz)
b

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[Cscl[a + bxx]],x]
[Out] (-2*Sqrt[Cscla + b*x]]*EllipticE[(-2%a + Pi - 2%b*x)/4, 2]*Sqrt[Sin[a + b*x
11)/b

Maple [A]
time = 0.14, size = 91, normalized size = 2.22

method | result

V/sin (zb+a) +1 \/—2sin (zb+a) +2 /—sin(zb+ a) <2EllipticE<\/SiIl (zb+a)+1, \/?

default | — - :

cos(ab+a)\/sin (zb + a) b
i(zb+a "A/—_9 ailzbta '/ _eoi(zbta)

zi(_i+ie2i(zb+a)) \/e ( ) + 1 \/ 2e ( ) + 2 \/ € ( ) (
\/ei(mb—i—a) (—’l + ie2i(wb+a)) ‘ \/E
risch — ’.\izﬂ) -+ ;
b\/ FiEF) 1 by @

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/csc(b*x+a)”~(1/2),x,method=_RETURNVERBOSE)

[Out] -(sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2)~(1/2)*(-sin(b*x+a))~(1/2)*(2*Ellipt
icE((sin(b*x+a)+1)~(1/2),1/2%27(1/2))-EllipticF((sin(b*x+a)+1)~(1/2),1/2%2"
(1/2)))/cos(bxx+a) /sin(b*x+a)~(1/2) /b

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(1/2),x, algorithm="maxima")
[Out] integrate(1/sqrt(csc(b*x + a)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.21, size = 55, normalized size = 1.34

V' 2i weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a))) + v/ —2i weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bx + a) — i sin (bz + a)))
b
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(1/2),x, algorithm="fricas")

[Out] (sqrt(2*I)*weierstrassZeta(4, O, weierstrassPInverse(4, 0, cos(b*xx + a) + I
xsin(b*x + a))) + sqrt(-2*I)*weierstrassZeta(4, 0, weierstrassPInverse(4, O

, cos(b*x + a) - I*sin(b*x + a))))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

| o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)**(1/2),x)
[Out] Integral(l/sqrt(csc(a + b*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(1/2),x, algorithm="giac")
[Out] integrate(1/sqrt(csc(b*x + a)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ 1 dz
1

sin (a + bx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(a + b*x))~(1/2),x)
[Out] int(1/(1/sin(a + b*x))~(1/2), x)
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314 [l —dx

3
csc2 (a+bx)

Optimal. Leaf size=67

__ 2cos(a+b) N 2y/csc(a +bx) F(3(a—% +bx)|2) v/sin(a + bz)
3b+/csc(a + bz) 3b

[Out] -2/3*cos(b*x+a)/b/csc(bxx+a)~(1/2)-2/3*%(sin(1/2*%a+1/4*Pi+1/2%bxx)~2)~(1/2)/
sin(1/2*a+1/4*%Pi+1/2*%b*xx)*E1lipticF(cos(1/2*a+1/4*Pi+1/2xb*x) ,27(1/2))*csc(
b*xx+a) ~(1/2)*sin(b*x+a)~(1/2) /b

Rubi [A]
time = 0.02, antiderivative size = 67, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.300,

steps used = 3, number of rules used = 3, integrand size = 10,
Rules used = {3854, 3856, 2720}

2+/sin(a + bz) \/csc(a+bz) F(i(a+bz—%)|2) 2cos(a + bx)

3b 3by/csc(a + bx)

Antiderivative was successfully verified.
[In] Int[Cscl[a + b*x]~(-3/2),x]

[Out] (-2*Cos[a + b*x])/(3*bxSqrt[Csc[a + b*x]]) + (2*Sqrt[Csc[a + b*x]]*Elliptic
F[(a - Pi/2 + bx*x)/2, 2]*Sqrt[Sin[a + b*x]])/(3*b)

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])"(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csclc +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rubi steps
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1 2 cos(a + bx) 1 /
————dx=— + = | v/csc(a+ bx) dx
/ csc2(a + bx) 3by/csc(a+bz) 3 ( )
1

_ 2 cos(a + br) 4 % (\/csc(a + bx) +/sin(a + bz) ) / dx

- 3by/csc(a + bx) sin(a + bz)
_ 2cos(a + bx) N 2y/csc(a+ bz) F(3(a— % +bx)|2) v/sin(a + bz)
3b+/csc(a + bx) 3b

Mathematica [A]
time = 0.07, size = 53, normalized size = 0.79

csc(a + br) <2F( H(—2a+m —2bz)|2) /sin(a + bz) +sin(2(a+ bx)))
3b

Antiderivative was successfully verified.

[In] Integrate[Csc[a + b*x]~(-3/2),x]

[Out] -1/3%(Sqrt[Cscla + b*x]]*(2*xEllipticF[(-2*a + Pi - 2%b*x)/4, 2]*Sqrt[Sin[a
+ bxx]] + Sin[2*(a + b*x)1))/b

Maple [A]
time = 0.12, size = 88, normalized size = 1.31

method | result

V/sin (zb+a) +1 /—2sin(zb+a) +2 \/—sin(zb+a) EllipticF(\/Sin(xb‘l‘a) + 132@)

2 (COE

default

3
cos(zb+a) \/SiIl (CL’b + a) | b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/csc(b*x+a)~(3/2),x,method=_RETURNVERBOSE)

[Out] (1/3*(sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2)~(1/2)*(-sin(b*x+a))~(1/2)*Ellip
ticF((sin(b*x+a)+1)~(1/2),1/2%2"(1/2))-2/3*cos (b*xx+a) ~2*sin(b*x+a))/cos (b*x
+a)/sin(b*xx+a) ~(1/2) /b

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/csc(b*x+a)~(3/2),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(-3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.44, size = 68, normalized size = 1.01

_2cos(br +a) y/sin(bz +a) +i V/2i weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a)) — i v/—2i weierstrassPInverse(4, 0, cos (bz + a) — i sin (bz + a))
3b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(3/2),x, algorithm="fricas")

[Out] -1/3*(2*cos(b*x + a)*sqrt(sin(b*x + a)) + I*sqrt(2xI)*weierstrassPInverse(4
, 0, cos(b*x + a) + I*sin(b*x + a)) - Ixsqrt(-2*I)*weierstrassPInverse(4, 0
, cos(bxx + a) - Ixsin(b*x + a)))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1
S S
cscz (a + bx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)**(3/2),x)
[Out] Integral(csc(a + b*x)**(-3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(3/2),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(-3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1

[
<sin(a+b z) )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(a + b*x))~(3/2),x)
[Out] int(1/(1/sin(a + b*x))~(3/2), x)
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3.15 f mdx

Optimal. Leaf size=67

2 cos(a + bx) 6\/csc (a+bz) E(3(a—% +bx)|2) v/sin(a + bzx)

"~ Bbescs 2(a+ bx) 5b

[Out] -2/5%cos(b*x+a)/b/csc(b*x+a)”(3/2)-6/5*(sin(1/2*a+1/4*Pi+1/2¥bxx)~2)~(1/2)/
sin(1/2*a+1/4*Pi+1/2*xbxx)*E1lipticE(cos(1/2*a+1/4*Pi+1/2xb*x) ,27(1/2))*csc(
b*x+a)~(1/2)*sin(b*x+a)~(1/2)/b

Rubi [A]

time = 0.02, antiderivative size = 67, normalized size of antiderivative = 1.00, number of

steps used = 3, number of rules used = 3, integrand size = 10, Rumber of rules = 0.300,

integrand size
Rules used = {3854, 3856, 2719}

6+/sin(a + bz) /csc(a+bz) E(L(a+bz —F)|2) _ 2cos(a + bx)
5b 5bcsc? (a + be)

Antiderivative was successfully verified.
[In] Int[Cscl[a + b*x]~(-5/2),x]

[Out] (-2*Cos[a + b*x])/(5*bxCsc[a + b*x]~(3/2)) + (6%Sqrt[Csc[a + b*x]]*Elliptic
E[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]])/(5*b)

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)%*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Cscl[c + d*x])"(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Csc[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] & LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sinlc + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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/ 1 dr — 2cos(a + bx) /
cscs (a + bx) " Sbesch (a+ ba:) vesc(a + br)
__ 2 cos(a +bz) (3 vesc(a + bx) \/sin(a + bz) / Vsin(a + bz) dz

" Sbesch 2(a+ bx)
2 cos(a + bx) N 61/csc(a+ bz) E(i(a— % +bx)|2) /sin(a + bz)
5besc (a + bx) 5b

Mathematica [A]
time = 0.11, size = 60, normalized size = 0.90

2y/csc(a + bx) (3E( 1(—2a+m —2bz)|2) \/sin(a + bz) + cos(a + bz) sin’(a + bx))
- 5b

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x]~(-5/2),x]

[Out] (-2*Sqrt[Cscla + b*x]]*(3*EllipticE[(-2*a + Pi - 2%b*x)/4, 2]*Sqrt[Sin[a +
b*x]] + Cos[a + b*x]*Sin[a + b*x]~2))/(5%Db)

Maple [A]

time = 0.11, size = 142, normalized size = 2.12

method | result

(et obeer)  2(snebse) sy/sin (zb+a) +1 \/—2sin (zb+a) +2 /—sin (zb+a) EllipticE(\ /sin
default 5 —~ 5 —~ 5

COos

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/csc(b*x+a)”~(5/2) ,x,method=_RETURNVERBOSE)

[Out] (2/5*sin(b*x+a) ~4-2/5*sin(b*x+a) ~2-6/5*(sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+
2)~(1/2)*(-sin(b*x+a)) ~(1/2)*EllipticE((sin(b*x+a)+1)~(1/2),1/2*27(1/2))+3/

5% (sin(b*x+a)+1)~(1/2) *(-2*sin(b*x+a)+2) ~(1/2) *(-sin(b*x+a) )~ (1/2) *Elliptic
F((sin(b*x+a)+1)~(1/2),1/2%27(1/2)))/cos(b*x+a) /sin(b*x+a)~(1/2) /b

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/csc(b*x+a)~(5/2),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(-5/2), x)
Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.65, size = 85, normalized size = 1.27

bz-+a)® —cos(b:
3 \/gweierstrassZeta(& 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (b + a))) + 3 v/—2i weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (ba + a) — i sin (bz + a))) + 2{cos(teta) eosltora)) Gl 'M()b C":( x;a))
sin (bz + a

5b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(5/2),x, algorithm="fricas")

[Out] 1/5%(3*sqrt(2*I)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x +
a) + Ixsin(b*x + a))) + 3*xsqrt(-2*I)*weierstrassZeta(4, 0, weierstrassPInve
rse(4, 0, cos(b*x + a) - I*sin(b*x + a))) + 2*(cos(b*x + a)~3 - cos(b*x + a

))/sqrt(sin(bxx + a)))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1
————dz
cscz (a + bx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)**(5/2),x)
[Out] Integral(csc(a + b*x)**(-5/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/csc(b*x+a)~(5/2),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(-5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ VAR dz
(sin(a+bw)>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(a + b*x))~(5/2),x)
[Out] int(1/(1/sin(a + b*x))~(5/2), x)
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3.16 [—1—dx

7
csc2 (a+bx)

Optimal. Leaf size=90

2cos(a+bz)  10cos(a + bz) +10\/csc(a +bz) F(3(a— % +bz)|2) \/sin(a + bx)

Thesci(a+bz) 21by/csc(a + bx) 21b

[Out] -2/7*cos(b*x+a)/b/csc(bxx+a)~(5/2)-10/21*cos (b*x+a)/b/csc(b*x+a)~(1/2)-10/2
1x(sin(1/2%a+1/4*Pi+1/2%b*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2xb*x)*E1lipticF(c
os(1/2%a+1/4%Pi+1/2%b*xx) ,2"(1/2)) *csc(b*x+a) " (1/2)*sin(b*x+a)~(1/2)/b

Rubi [A]
time = 0.03, antiderivative size = 90, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.300,

steps used = 4, number of rules used = 3, integrand size = 10,
Rules used = {3854, 3856, 2720}

_ 2cos(a+bz)  10cos(a + bz) N 10+/sin(a + bz) v/csc(a+bz) F(3(a+ bz —%)|2)
Thescs (a+bx)  21b+/csc(a + bx) 21b

Antiderivative was successfully verified.
[In] Int[Csc[a + b*x]~(-7/2),x]

[Out] (-2*Cos[a + b*x])/(7*bxCsc[a + b*x]~(5/2)) - (10*Cos[a + bxx])/(21xbxSqrt[C
scla + bxx]]) + (10%Sqrt[Csc[a + b*x]]*EllipticF[(a - Pi/2 + b*x)/2, 2]*Sqr
t[Sin[a + b*x]])/(21%b)

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csclc + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Cscl[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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1 2cos(a+bzx) 5 1
T e =28 Al . S
cscz (a + bx) Thescz(a+bx) 7J csc2(a+ bx)
2 cos(a + bx) 10 cos(a + bz) 5 /
=— - + — [ /csc(a+bx) dz
Thescz (a+bx)  21b+/csc(a+ bz) 21 ( )

_ _ 2coslatbr) __10cos(a+ br) + X (5 Vese(a + bx) /sin(a + bx) > /

 Thesch (a+bz) 21by/csc(a+bx) 21 \/sir
_ _ 2cos(at+bz)  10cos(a+ bx) N 10+/csc(a+ bz) F(3(a— % +bz)|2) y/sin
Thescs (a+bz)  21by/csc(a + bx) 21b

Mathematica [A]
time = 0.17, size = 65, normalized size = 0.72

csc(a + bx) <4OF( H(—2a+m —2bx)|2) /sin(a + bx) + 26sin(2(a + bz)) — 3sin(4(a + bx)))
84b

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x]~(-7/2),x]

[Out] -1/84x(Sqrt[Cscla + b*x]]1*(40%EllipticF[(-2*%a + Pi - 2xbxx)/4, 2]*Sqrt[Sin[
a + bxx]] + 26*%Sin[2*(a + b*x)] - 3*Sin[4x(a + b*x)]))/b

Maple [A]
time = 0.11, size = 104, normalized size = 1.16

method | result

(oot Sm(zbﬂ):\/ sin (zb+a)+1 \/—2sin(zb+a) +2 \/—sin(zb+a) EllipticF( sin (zb +

default - Pl ‘
cos(zb+a) \/SiIl (a:b + (1) b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/csc(b*x+a)”~(7/2),x,method=_ RETURNVERBOSE)

[Out] (2/7*cos(b*x+a) “4xsin(bxx+a)+5/21*(sin(b*x+a)+1)~(1/2)*(-2*sin(b*x+a)+2)~ (1
/2)*(-sin(b*x+a)) ~(1/2)*EllipticF ((sin(b*x+a)+1)~(1/2),1/2*27(1/2))-16/21*c

os (b*xx+a) “2*sin(b*x+a))/cos(b*x+a)/sin(b*x+a) ~(1/2) /b

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(7/2),x, algorithm="maxima")

[Out] integrate(csc(b*x + a)~(-7/2), x)
Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.78, size = 81, normalized size = 0.90

2 (3 cos (bx + a)® — 8 cos (bz + a))/sin (bz +a) — 5i V/2i weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + ) + 5i v/—2i weierstrassPInverse(4, 0, cos (b + @) — i sin (bz + a))
21b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(7/2),x, algorithm="fricas")

[Out] 1/21%(2%(3*cos(b*x + a)~3 - 8xcos(b*x + a))*sqrt(sin(b*x + a)) - 5xIxsqrt(2
*xI)*weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a)) + 5*xI*sqrt(-2*
I)*weierstrassPInverse(4, 0, cos(b*x + a) - Ixsin(b*x + a)))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1
———dzx
cscz (a + bx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)**(7/2),x)
[Out] Integral(csc(a + b*x)**(-7/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/csc(b*x+a)”~(7/2),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(-7/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
[
( sin(a+bx) )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(a + b*x))~(7/2),x%)
[Out] int(1/(1/sin(a + b*x))~(7/2), x)
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3.17 [(cesc(a + bx))? da

Optimal. Leaf size=103

_ 66 cos(a + bx)\/cesc(a +bx)  2ccos(a + bx)(cesc(a + bx))*? 6c*E(%(a— 3 +bz)|2)

5b 5b ~ 5b Veesc(a+ bx) +/sin(a + bz)

[Out] -2/5*c*cos(bxx+a)* (c*csc(b*xx+a))~(5/2) /b-6/5%c”3*cos (b*x+a)* (cxcsc(bxx+a))”
(1/2) /o+6/5*c”"4* (sin(1/2*a+1/4%Pi+1/2*xb*x) ~2)~(1/2) /sin(1/2*a+1/4%Pi+1/2*xb*
x)*EllipticE(cos(1/2*a+1/4xPi+1/2%b*x) ,27(1/2))/b/(cxcsc(b*x+a))~(1/2)/sin(
b*xx+a)~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 103, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 4, number of rules used = 3, integrand size = 12,
Rules used = {3853, 3856, 2719}

6c*E(3(a+bz—3)|2) _ 6c’cos(a+bx)/cesc(a+br)  2ccos(a+ br)(cesc(a+ bx))5/?

B 5b+/sin(a + bz) \/ccsc(a + br) 5b 5b

Antiderivative was successfully verified.
[In] Int[(c*Cscla + b*x])~(7/2),x]

[Out] (-6%c~3xCos[a + bxx]*Sqrt[cxCscl[a + b*x]])/(5*%b) - (2*c*Cos[a + b*x]*(c*Csc
[a + b*x])~(5/2))/(5%b) - (6%c~4xEllipticE[(a - Pi/2 + bxx)/2, 2])/(5%b*Sqr
t[c*Cscla + b*x]]*Sqrt[Sin[a + b*x]])

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1]1, x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]°n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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2 21
/(c csc(a 4 bx))? dx = — ccos(a+ bw)(5cbcsc(a +b2)) + R (3¢%) /(c csc(a + bx))*/? dx
6¢3 cos(a + bz)+/cesc(a+bx)  2ccos(a + bx)(cesc(a+bx))%2 1, ,
T 5b - 5b — 53¢
_ 6c% cos(a + bx)\/cesc(a+bx)  2ccos(a+ bx)(cesc(a + b)) (3¢ |
5b 5b 5+/ccsc(a
_6¢% cos(a + bx)\/cesc(a+bx)  2ccos(a+ bx)(cesc(a + bx))5? 6c1E |

5b 5b 5b+/ccsc(

Mathematica [A]
time = 0.21, size = 67, normalized size = 0.65

(cesc(a + bz))7/? <24E( (—2a + m — 2bz)| 2) sin (a + bz) — 10sin(2(a + b)) + 3sin(4(a + bm)))

20b

1
4

Antiderivative was successfully verified.

[In] Integrate[(c*Cscl[a + b*x])~(7/2),x]

[Out] ((c*Cscl[a + b*x])‘(7/2)*(24*E11ipticE[(-2*a + Pi - 2xbx*x)/4, 2]*Sin[a + b*x
1°(7/2) - 10%Sin[2*(a + b*x)] + 3*Sin[4*(a + b*x)]))/(20%Db)

Maple [C] Result contains complex when optimal does not.
time = 1.24, size = 1052, normalized size = 10.21

method | result size
default | Expression too large to display | 1052

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*csc(b*x+a))~(7/2),x,method=_RETURNVERBOSE)

[Out] -1/5/b*(6*(-I*(-1+cos(b*x+a))/sin(b*x+a))~(1/2)*(-(I*cos(b*x+a)-I-sin(b*x+a
))/sin(b*xx+a))~(1/2)*E1lipticE(((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/
2),1/2%2~(1/2)) *cos (b*x+a) ~3*% ((I*cos (b*x+a) -I+sin(b*x+a))/sin(b*x+a)) ~(1/2)
-3*(-I*(-1+cos(b*x+a))/sin(b*x+a)) ~(1/2)*(-(I*cos (b*x+a)-I-sin(b*x+a)) /sin(
b*x+a) )~ (1/2)*E1llipticF (((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2),1/2%
27(1/2) ) *cos (b*x+a) “3* ((I*cos (b*x+a) -I+sin(b*x+a))/sin(b*x+a)) ~(1/2)+6x (- (I
*xcos (b*x+a)-I-sin(b*x+a))/sin(b*x+a))~ (1/2)*E1lipticE(((I*cos(b*x+a)-I+sin(
b*x+a))/sin(b*xx+a))~(1/2),1/2%x2~(1/2)) *((I*cos (b*x+a)-I+sin(b*x+a))/sin(b*x
+a)) " (1/2) *cos (b*x+a) “2* (-I*(-1+cos(b*x+a))/sin(b*x+a)) ~(1/2)-3* (- (I*cos (b*
x+a)-I-sin(b*x+a))/sin(b*x+a)) ~(1/2)*E1llipticF (((I*cos(b*x+a)-I+sin(b*x+a))
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/sin(b*x+a))~(1/2),1/2%x2~(1/2) ) *((I*cos (b*x+a)-I+sin(b*x+a))/sin(b*x+a)) (1
/2)*cos (b*xx+a) “2x (-I*(-1+cos(b*x+a))/sin(b*x+a)) ~(1/2)-6* (- (I*cos (b*x+a)-I-
sin(b*x+a))/sin(b*x+a) )~ (1/2)*E1llipticE(((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*
x+a))~(1/2),1/2x2~(1/2) ) *((I*cos (bxx+a) -I+sin(b*x+a))/sin(b*x+a)) ~(1/2) *cos
(bxx+a) * (-I*(-1+cos(b*x+a)) /sin(b*x+a)) ~(1/2) +3* (- (I*cos (b*x+a) -I-sin(b*x+a
))/sin(b*x+a))~(1/2)*E1lipticF (((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/
2),1/2%27(1/2) )*((I*cos (b*x+a)-I+sin(b*x+a))/sin(b*x+a)) ~(1/2) *cos (b*xx+a) *(
-I*(-1+cos(b*x+a))/sin(b*x+a)) " (1/2)-6*(-(I*cos (b*x+a)-I-sin(b*x+a))/sin(bx*
x+a))~(1/2)*EllipticE(((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2),1/2*%2~
(1/2))*((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2) *(-I*(-1+cos(b*x+a))/s
in(b*x+a) )~ (1/2)+3* (- (I*cos(b*x+a)-I-sin(b*x+a))/sin(b*x+a)) ~(1/2)*Elliptic
F(((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2),1/2%2"(1/2)) *((I*cos(b*x+a
)-I+sin(b*x+a))/sin(b*x+a)) " (1/2)*(-I*(-1+cos(b*x+a)) /sin(b*x+a)) ~(1/2)-3*c
os (bxx+a) "2%2~ (1/2)+cos (b*x+a) *2~ (1/2)+3*27(1/2) ) *sin(b*x+a) * (c/sin(b*x+a))
~(7/2)%27(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(7/2),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(7/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.83, size = 150, normalized size = 1.46

3(c*cos (bz + a)? — ¢*) V2ic weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a))) + 3 (* cos (bz + a)? — ¢¥) V/=2i ¢ weierstrassZeta(d, 0, weierstrassPInverse(4, 0, cos (bz + a) — i sin (bz + a))) + 2 (3¢ cos (bz + a)® — 4 ¢ cos (bz + a)) \s‘ ﬁ
\ ) { /sin(bz +a

5 (beos (bz +a)* —b)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(7/2),x, algorithm="fricas")

[Out] -1/5%(3*(c"3*cos(b*x + a)~2 - c~3)*sqrt(2*I*c)*weierstrassZeta(4, 0, weiers
trassPInverse(4, 0, cos(b*x + a) + Ixsin(b*x + a))) + 3*%(c"3*cos(b*x + a)~2

- ¢c"3)*sqrt (-2*I*c)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*

X + a) - Ixsin(b*x + a))) + 2*%(3*c"3*cos(b*x + a)~3 - 4*c”3*cos(b*x + a))x*s
qrt(c/sin(b*x + a)))/(bxcos(b*x + a)~2 - b)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((c*csc(b*x+a))**(7/2),x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3060 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(7/2),x, algorithm="giac")

[Out] integrate((c*xcsc(b*x + a))~(7/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

[ (o) @

Verification of antiderivative is not currently implemented for this CAS

[In] int((c/sin(a + b*x))~(7/2),x)
[Out] int((c/sin(a + b*x))~(7/2), x)



98

3.18 [(cesc(a + bx))5/% d

Optimal. Leaf size=75

_ 2ccos(a + bx)(ccsc(a + bx))?/? N 2¢®\/cesc(a+bx) F(i(a— % +bz)|2) /sin(a + bx)
3b 3b

[Out] -2/3*c*cos(b*x+a)*(c*csc(b*x+a)) " (3/2)/b-2/3*xc~2*(sin(1/2*a+1/4*Pi+1/2*xb*x)
~2)7(1/2)/sin(1/2*a+1/4%Pi+1/2*%bxx)*E1lipticF (cos(1/2*a+1/4*Pi+1/2xbxx) ,27(
1/2))*(c*xcsc(b*x+a)) " (1/2) *sin(b*x+a) ~(1/2) /b

Rubi [A]
time = 0.02, antiderivative size = 75, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12
Rules used = {3853, 3856, 2720}

2¢?\/sin(a + bz) F(3(a+bz—2)|2) \/cesc(a + bx) _ 2ccos(a + bx)(cesc(a + bx))*?
3b 3b

Antiderivative was successfully verified.
[In] Int[(cxCscla + b*xx])~(5/2),x]

[Out] (-2*c*Cos[a + b*x]*(cxCsc[a + bxx])~(3/2))/(3*%b) + (2%c~2*Sqrt[cxCsc[a + bx
x]1*EllipticF[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]])/(3*Db)

Rule 2720

Int[1/Sqrt[sinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sinlc + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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3/2
cesc(a + bz))? 2 dx = _2ccos(a +bz)(cesc(a + b)) —c cesc(a + bx) dx
3b

2ccos(a + bzx)(cesc(a + ban))3/2

= ( 2\/ccsc(a + bx) \/sm(a,+ba:) /7

3b

2ccos(a + bz)(ccesc(a + bx)) 3/2 c®\/cesc(a+bz) F(i(a— )‘2)\/5

3b 3b

Mathematica [A]
time = 0.19, size = 55, normalized size = 0.73

(cesc(a + bx))®/? <2F( 1(—2a + 7 — 2bz)| 2) sin (a + bx) + sin(2(a + bx)))
3b

Antiderivative was successfully verified.

[In] Integrate[(c*Cscla + b*x])~(5/2),x]
[Out] -1/3*((c*Cscla + b*x])~(5/2)*(2+#E1llipticF[(-2*a + Pi - 2xb#*x)/4, 2]*Sin[a +
b*x]~(5/2) + Sin[2x(a + bxx)1))/b

Maple [C] Result contains complex when optimal does not.
time = 1.13, size = 313, normalized size = 4.17

method | result

(—1-+cos(zb+a))? (z \/—i cos(wb+a)+sin(zb+a)+i | \/icos(zb—i—.a)—i—}-sin(zb—i-a) ‘ _ i(—ll—i—cos(xb+a)) ‘ sin(ab-+a) cos(zb-+

sin(zb+a) sin(zb+a) sin(zb+a)

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*csc(b*x+a))~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/3/b*(-1+cos(b*x+a)) "2*x(I*((-I*cos(b*x+a)+sin(b*x+a)+I)/sin(b*x+a))~(1/2)*
((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a)) ~(1/2)*(-I*(-1+cos(b*x+a)) /sin(b*x+
a))~(1/2)*sin(bxx+a) *cos (b*x+a) *E1lipticF (((I*cos(b*x+a)-I+sin(b*x+a))/sin(
bxx+a))~(1/2),1/2%27(1/2) ) +I*((-I*cos(b*x+a)+sin(b*x+a)+I)/sin(b*x+a)) ~(1/2

) *((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a) )~ (1/2)*(-I*(-1+cos(b*x+a))/sin(b*
x+a))~(1/2)*sin(b*x+a) *E11lipticF (((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(
1/2),1/2%27(1/2))-cos(b*x+a)*2~(1/2) ) *(cos (b*x+a)+1) "2x(c/sin(b*x+a) ) ~(5/2)
/sin(b*xx+a) ~3%2~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(5/2),x, algorithm="maxima")

[Out] integrate((cxcsc(b*x + a))~(5/2), x)
Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.67, size = 105, normalized size = 1.40

—iv/2ic ¢?sin (b + a) weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a)) + i V—2i ¢ ¢? sin (bz + a) weierstrassPInverse(4, 0, cos (bz + a) — i sin (bz + a)) — 2¢* m cos (bz + a)
3bsin (bz + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(5/2),x, algorithm="fricas")

[Out] 1/3*%(-Ixsqrt(2*I*c)*c”2*sin(b*x + a)*weierstrassPInverse(4, 0, cos(b*x + a)
+ Ixsin(b*x + a)) + I*ksqrt(-2*I*c)*c"2*sin(b*x + a)*weierstrassPInverse(4,

0, cos(b*x + a) - I*sin(b*x + a)) - 2xc”2*sqrt(c/sin(b*x + a))*cos(b*x + a

))/(bxsin(b*x + a))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (cese (a+ bat:))g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))**(5/2),x)
[Out] Integral((c*csc(a + b*x))**(5/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*csc(b*x+a))~(5/2),x, algorithm="giac")
[Out] integrate((c*csc(b*x + a))~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

[ (i)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c/sin(a + b*x))~(5/2),x)
[Out] int((c/sin(a + b*x))~(5/2), x)
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3.19 [(cesc(a + bx))>? d

Optimal. Leaf size=71

_2ccos(a+bx)y/cesc(a+bx)  2¢°E(3(a—F +ba) 12)
b by/ccsc(a + bz) +/sin(a + bz)

[Out] -2*c*cos(b*x+a)*(c*csc(b*x+a)) " (1/2)/b+2xc~ 2% (sin(1/2*%a+1/4*Pi+1/2xb*xx)~2)~
(1/2)/sin(1/2%a+1/4xPi+1/2%b*x)*E1lipticE(cos (1/2*a+1/4%Pi+1/2%b*x) ,2"~(1/2)
)/b/ (c*xcsc(b*x+a)) ~(1/2) /sin(b*x+a)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 71, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12
Rules used = {3853, 3856, 2719}

2¢°E (1 (a+ bz —3)|2) _ 2ccos(a + bx)\/cesc(a + bx)
b

_b\/sin(a + bz) \/cesc(a + bx)

Antiderivative was successfully verified.
[In] Int[(c*Cscl[a + b*x])~(3/2),x]

[Out] (-2*cxCos[a + bx*x]*Sqrt[cxCsc[a + b*x]])/b - (2*c~2+EllipticE[(a - Pi/2 + b
*x)/2, 2]1)/(b*Sqrt[cxCsc[a + b*x]]*Sqrt[Sin[a + b*x]])

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])~"(n - 1)/(d*(n - 1))), x] + Dist[b™2*%((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d#*x]
)~n*Sin[c + d*x]"n, Int[1/Sinlc + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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/(ccsc(a+bx))3/2 dr — — 2ccos(a + bz \/m /
2ccos(a+bx)\/m [ \/de
- b _\/ccsc a+bzx) \/sin(a + bx)
2ccos(a + bx)+/ccsc(a + bz) 2¢E(3(a— % +bz)|2)
N b _b\/ccsc a+ bx) /sin(a + bx)

Mathematica [A]
time = 0.13, size = 54, normalized size = 0.76

(cesc(a + bx))3/2 <2E( 1(=2a+ 7 — 2bx)| 2) sin? (a + bz) — sin(2(a + bx)))
b

Antiderivative was successfully verified.

[In] Integrate[(c*Cscla + b*x])~(3/2),x]

[Out] ((cxCscla + bxx])~(3/2)*(2«EllipticE[(-2%a + Pi - 2*b*x)/4, 2]*Sin[a + bxx]
~(3/2) - Sin[2*(a + b*x)]))/b

Maple [C] Result contains complex when optimal does not.
time = 1.19, size = 508, normalized size = 7.15

method | result
<2\/—i cos(wb+a)-sin(wb+a)+i EllipticE<\/z cos(wb+a)—i+sin(zb+a) | f) cos(ab4a) \/_ i(— 1.-|—cos(acb+a)) " Jicos|

default sin{abta) sin(zb+a) sin(zb-+a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*csc(b*x+a))~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/b*(2*((-I*cos(b*x+a)+sin(b*x+a)+I)/sin(b*x+a))~(1/2)*E1lipticE(((I*cos (b
x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2),1/2*x2~(1/2) ) *cos (bxx+a) * (-I*(-1+cos (bx*
x+a))/sin(b*x+a) )~ (1/2) * ((I*cos (b*x+a)-I+sin(b*x+a))/sin(b*x+a) )~ (1/2)-((-I
*xcos (b*x+a)+sin(b*x+a)+I)/sin(b*x+a))~(1/2)*E1llipticF (((I*cos(b*x+a)-I+sin(
bxx+a))/sin(b*x+a)) ~(1/2),1/2%x2~(1/2) ) *cos (b*x+a) * (-I*(-1+cos (b*x+a))/sin(b
*x+a)) " (1/2)*((I*cos (b*x+a)-I+sin(b*x+a))/sin(b*x+a)) ~(1/2)+2x ((-I*cos (b*x+
a)+sin(b*x+a)+I)/sin(b*x+a))~(1/2)*E1llipticE(((I*cos(b*x+a)-I+sin(b*x+a))/s
in(b*x+a))~(1/2),1/2x27(1/2) ) *(-I*(-1+cos(b*x+a)) /sin(b*x+a) )~ (1/2) *((I*cos
(bxx+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2)-((-I*cos(b*x+a)+sin(b*x+a)+I)/sin(b
*xx+a) )~ (1/2)*E1lipticF (((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a)) ~(1/2),1/2%2
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~(1/2))*(-I*(-1+cos(b*x+a))/sin(b*x+a)) ~(1/2) *((I*cos (bxx+a)-I+sin(b*x+a))/
sin(b*x+a)) ~(1/2)-2"(1/2))*sin(b*x+a) *(c/sin(b*x+a)) ~(3/2)*2~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(3/2),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.88, size = 83, normalized size = 1.17

2c /ﬁ cos (bz + a) + V/2i ¢ cweierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + 4 sin (bz + a))) + v —2i ¢ cweierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bx + a) — i sin (bz + a)))
s (bx a
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(3/2),x, algorithm="fricas")

[Out] -(2*%c*sqrt(c/sin(b*x + a))*cos(b*x + a) + sqrt(2*I*c)*c*weierstrassZeta(4,
0, weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a))) + sqrt(-2*Ixc)
xc*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x + a) - I*sin(b*x

+a))))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (cesc(a+ bw))% dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))**(3/2),x)
[Out] Integral((c*csc(a + b*x))*x(3/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(3/2),x, algorithm="giac")
[Out] integrate((cxcsc(b*x + a))~(3/2), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

[ (i)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c/sin(a + b*x))~(3/2),x)
[Out] int((c/sin(a + b*x))~(3/2), x)
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3.20 [ /cesc(a+bx) dx

Optimal. Leaf size=43

2¢/cesc(a+bz) F(i(a—2 —|—bm)‘2) \/sin(a + bx)

b

[Out] -2*(sin(1/2*a+1/4*Pi+1/2%b*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2%b*x)*E1lipticF(
cos(1/2*a+1/4xPi+1/2%b*x),27(1/2))*(cxcsc(b*x+a))~(1/2) *sin(b*xx+a) ~(1/2) /b

Rubi [A]
time = 0.01, antiderivative size = 43, normalized size of antiderivative = 1.00, number of
steps used = 2, number of rules used = 2, integrand size = 12, number of rules = 0.167,

integrand size
Rules used = {3856, 2720}

2y/sin(a + bz) F(3(a+bz —F) }2 v ccesc(a + bx)

b

Antiderivative was successfully verified.
[In] Int[SqrtlcxCscla + bxx]],x]

[Out] (2xSqrt[c*Csc[a + b*x]]*EllipticF[(a - Pi/2 + b*x)/2, 2]*Sqrt[Sin[a + b*x]]
)/b

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps

. ‘ 1
/\/ccsc(a—i-bx) dz = (\/ccsc(a—l—bx) \/sin(a + bz) )/ N dz
2\/ccsc a+bz) F(i(a—%+bz)|2) \/sin(a + bx)

b
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Mathematica [A]
time = 0.03, size = 42, normalized size = 0.98

_ 2y/cesc(a + bz) F(1(—2a+ m —2bz)| 2) \/sin(a + bx)

b

Antiderivative was successfully verified.

[In] Integrate[Sqrt[c*Cscla + b*x]],x]

[Out] (-2*Sqrt[cxCscla + b*x]]*EllipticF[(-2*a + Pi - 2xbx*x)/4, 2]*Sqrt[Sin[a + b
*x]]1) /b

Maple [C] Result contains complex when optimal does not.
time = 1.10, size = 165, normalized size = 3.84

method | result

/ i cos(zb+a)—i+sin(zb+a) __icos(zbta)—i—sin(zbta) ‘ __i(=14-cos(zb+a)) ‘
f s1n(:tb+a) (=1+cos(zb+a)) \/ sin(zb+a) sin(zb+a) sin(zb+a)

default bsin(zbta)>

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*csc(b*x+a))~(1/2),x,method=_RETURNVERBOSE)

[Out] -I/b*27(1/2)*(c/sin(b*x+a))~(1/2)*(-1+cos(b*x+a))*((I*cos(b*x+a)-I+sin(b*xx+
a))/sin(b*x+a))~(1/2) * (- (I*cos(b*x+a)-I-sin(b*x+a))/sin(b*x+a))~(1/2) *(-I*(
-1+cos(b*x+a))/sin(b*x+a) )~ (1/2)*E1llipticF (((I*cos(b*x+a)-I+sin(b*x+a))/sin
(b*x+a))~(1/2),1/2x2~(1/2)) /sin(b*x+a) “2* (cos (b*x+a)+1) "2

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(cxcsc(b*x + a)), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.65, size = 55, normalized size = 1.28

—i V24 ¢ weierstrassPInverse(4, 0, cos (bz + a) + ¢ sin (bz + a)) + ¢ vV —2i ¢ weierstrassPInverse(4, 0, cos (bz + a) — ¢ sin (bz + a))
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(1/2),x, algorithm="fricas")
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[Out] (-I*sqrt(2xIxc)*weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a)) +
I*sqrt(-2xI*c)*weierstrassPInverse(4, 0, cos(b*x + a) - I*sin(b*xx + a)))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ Veeclatta) do

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))**(1/2),x)
[Out] Integral(sqrt(c*csc(a + b*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(cxcsc(b*x + a)), x)

Mupad [B]
time = 0.20, size = 63, normalized size = 1.47

2 /sin (a + bz) F(asin(ﬁ\/l_sgn(a+bx))‘2> \/m \/cos(a+bw)2

b cos(a+bx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c/sin(a + b*x))~(1/2),x)

[Out] -(2*sin(a + b*x)~(1/2)*ellipticF(asin((27(1/2)*(1 - sin(a + b*x))~(1/2))/2)
, 2)*%(c/sin(a + b*x))~(1/2)*(cos(a + b*x)"2)~(1/2))/(b*xcos(a + b*x))
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/ Ve csc(la + bx) 4

Optimal. Leaf size=43

3.21

2E(3(a— %5 +bz)|2)
by/ccsc(a + bx) +/sin(a + bx)

[Out] -2x(sin(1/2%a+1/4*Pi+1/2%b*x)~2)~(1/2)/sin(1/2*a+1/4*Pi+1/2*b*x)*E11lipticE(
cos (1/2*a+1/4*Pi+1/2*xbxx) ,2~(1/2))/b/(c*csc(b*x+a))~(1/2)/sin(b*x+a)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 43, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.167,

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3856, 2719}

2E(3(a+bz—F)|2)
by/sin(a + bz) \/ccsc(a + bx)

Antiderivative was successfully verified.
[In] Int[1/Sqrtlc*Cscla + b*x]],x]

[Out] (2xEllipticE[(a - Pi/2 + b#*x)/2, 2])/(bxSqrt[c*Csc[a + b*x]]*Sqrt[Sin[a + b
*x]1)

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d#*x]
)"n*Sin[c + d*x]"n, Int[1/Sinlc + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps

/ 1 i — [ /sin(a + bz) dz
v eese(a + br) Veesc(a+ bz) /sin(a + bz)

_ 2E(%(a—%+bz)|2)
by/ccsc(a + bx) +/sin(a + bx)
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Mathematica [A]
time = 0.04, size = 42, normalized size = 0.98

_ 2B(j(-2a+7—2bz)|2)
by/ccsc(a + bz) +/sin(a + bx)

Antiderivative was successfully verified.

[In] Integratel[1/Sqrtl[c*Cscla + b*x]],x]

[Out] (-2*EllipticE[(-2*a + Pi - 2*b*x)/4, 2])/(b*Sqrt[c*Csc[a + b*x]]*Sqrt[Sin[a

+ b*x]])

Maple [C] Result contains complex when optimal does not.
time = 1.21, size = 533, normalized size = 12.40

method | result

2i(ic e2i(zb+a) —ic)

\/ei(xb+a) + 1 \/_2 ei(zb+a) + 2 \/_ei(xb+a)‘

"= . \/ei(xb—i-a) (’LC e?i(zb—l—a) _ ’I,C) o

V2

Vie

risch ‘
ic ei(zb+a)
b e2i(zb+a) _1

sin(zb+a) sin(zb+a) 2 sin(zb+a)

(2 \/_ i cos(zb+a)—i—sin(zb+a) EllipticE < \/'L cos(zb+a)—i+sin(zb+a) \/E > \/z cos(zb+a)—i+sin(zb+a)

7

cos(zb+

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*csc(b*x+a))~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/b*(2*%(-(I*cos(b*x+a)-I-sin(b*x+a))/sin(b*x+a))~(1/2)*E1llipticE(((I*cos(b

*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2),1/2%2~(1/2))*((I*cos (b*x+a)-I+sin(b*x
+a))/sin(b*x+a)) "~ (1/2)*cos (bxx+a) * (-I*(-1+cos (b*x+a)) /sin(b*x+a) )~ (1/2)-(-(
I*xcos(b*x+a)-I-sin(b*x+a))/sin(b*x+a)) ~(1/2)*E1llipticF(((I*cos(b*x+a)-I+sin
(bxx+a))/sin(b*x+a)) ~(1/2),1/2%x2~(1/2) ) *((I*cos (b*x+a) -I+sin(b*x+a))/sin(b*
x+a)) "~ (1/2) *cos (b*x+a) * (-I*(-1+cos (b*x+a))/sin(b*x+a) )~ (1/2)+2* (- (I*cos (b*x
+a)-I-sin(b*x+a))/sin(b*x+a))~(1/2)*E1llipticE(((I*cos(b*x+a)-I+sin(b*x+a))/
sin(b*x+a))~(1/2),1/2%27(1/2)) *((I*cos (b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/
2)*(-Ix(-1+cos(b*x+a))/sin(b*x+a)) ~(1/2)-(-(I*cos(b*x+a)-I-sin(b*x+a))/sin(
b*x+a))~(1/2)*E1llipticF (((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2),1/2%
27(1/2))*((I*cos(b*xx+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2) *(-I*(-1+cos(b*x+a))
/sin(b*x+a) )~ (1/2)+cos(b*x+a)*2~(1/2)-2"(1/2))/(c/sin(b*x+a)) ~(1/2) /sin(b*x
+a)*2~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(1/2),x, algorithm="maxima")

[Out] integrate(1/sqrt(c*csc(b*x + a)), x)
Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.90, size = 62, normalized size = 1.44

vV 2i ¢ weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (bx + a))) + vV —2i ¢ weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) — i sin (bz + a)))
be

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(1/2),x, algorithm="fricas")

[Out] (sqrt(2*Ix*c)*weierstrassZeta(4, O, weierstrassPInverse(4, 0, cos(b*x + a) +
I*sin(b*x + a))) + sqrt(-2*I*c)*weierstrassZeta(4, 0, weierstrassPInverse(

4, 0, cos(b*x + a) - Ixsin(bxx + a))))/(bxc)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ v

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))**(1/2),x)
[Out] Integral(l/sqrt(c*csc(a + b*x)), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(1/2),x, algorithm="giac")
[Out] integrate(1/sqrt(c*csc(b*x + a)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

J——
V sin (a +b2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c/sin(a + b*x))~(1/2),x)
[Out] int(1/(c/sin(a + b*x))~(1/2), x)
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1
3.22 f (c csc(a+bar;))3/2 dz

Optimal. Leaf size=77

_ 2cos(a+ bx) N 2y/cesc(a+bx) F(3(a— % +bx)|2) v/sin(a + bx)
3bcy/cesc(a + bx) 3bc?

[Out] -2/3*cos(b*x+a)/b/c/(c*xcsc(b*xx+a))~(1/2)-2/3*%(sin(1/2%a+1/4*Pi+1/2*xb*xx)~2)"
(1/2) /sin(1/2*a+1/4*Pi+1/2xb*x)*E1llipticF(cos(1/2*a+1/4*Pi+1/2xb*x) ,27(1/2)
)*(cxcsc(b*x+a)) ~(1/2)*sin(b*x+a) ~(1/2) /b/c"2

Rubi [A]
time = 0.03, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

number of rules _ ( 95
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3854, 3856, 2720}

2/sin(a + bz) F(3(a+ bz —F)|2) /cosc(a + bz) _ 2cos(a+bx)
3bc? 3bc+/ccsc(a + br)

Antiderivative was successfully verified.
[In] Int[(c*Cscla + b*x])~(-3/2),x]

[Out] (-2*Cos[a + b*x])/(3*bxcxSqrt[c*Csc[a + b*x]]) + (2xSqrt[c*Csc[a + b*x]]*El
lipticF[(a - Pi/2 + b#*x)/2, 2]*Sqrt[Sin[a + b*x]])/(3*b*c~2)

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCscl[c + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Cscl[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
) n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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dz = —
(cese(a + bx))3/2 3bcy/cesc(a + bx) 3c?

(\/c csc(a + bx) +/sin(a + bzx) > i \/sin(; ) dz

/ 1 2 cos(a + bx) f Vveese(a + bz) dz

2 cos(a + bx)

3bcy/cesc(a + br) 3c
2 cos(a + bz) 2\/ccsc a+bx) F(3(a—7% +0bx)|2) \/sin(a + bz)

3bcy/ccesc(a + bx) 3bc?

Mathematica [A]
time = 0.09, size = 63, normalized size = 0.82

csc?(a + bx) (2F( 1(—2a+m —2bz)|2) \/sin(a + bz) +sin(2(a + bz)))
3b(cesc(a + bx))3/2

Antiderivative was successfully verified.

[In] Integrate[(c*Cscla + b*x])~(-3/2),x]

[Out] -1/3%(Cscla + b*x]~2x(2*EllipticF[(-2*a + Pi - 2%b*x)/4, 2]*Sqrt[Sin[a + bx*
x]] + Sin[2*(a + b*x)]))/(bx(c*Csc[a + b*x])~(3/2))

Maple [C] Result contains complex when optimal does not.
time = 1.13, size = 189, normalized size = 2.45

method | result

. [ _icos(zbta)—i—sin(zb+a) L i cos(zb+a)—i+sin(wb+a) f _i(= 1+cos(xb-|—a) ic
(1 \/ sin(zb+a) EllipticF sin(zb+a) sin(zb+a) s1n(xb+a)

3b(— 1+cos(mb+a))(m> sin(zb+a)

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*csc(b*x+a))~(3/2),x,method=_RETURNVERBOSE)

[Out] -1/3/b*(I*(-(I*cos(b*x+a)-I-sin(b*x+a))/sin(b*x+a))~(1/2)*EllipticF(((I*cos
(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2),1/2%2"(1/2)) *sin(b*x+a)* (-I*(-1+cos
(b*x+a))/sin(b*x+a)) ~(1/2) *((I*cos (b*x+a)-I+sin(b*x+a))/sin(b*x+a)) ~(1/2)+c

os (bxx+a) ~2%2~(1/2) -cos (b*x+a)*2~(1/2) )/ (-1+cos (b*x+a) )/ (c/sin(b*xx+a)) ~(3/2
)/sin(b*x+a)*2~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(3/2),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(-3/2), x)
Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.

time = 0.80, size = 85, normalized size = 1.10

c
sin (bz + a)

2, /=7~ cos(bz + a)sin (bz + a) + i V2i c weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a)) — i v/ —2i ¢ weierstrassPInverse(4, 0, cos (bx + a) — i sin (bx + a))

3bc?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(3/2),x, algorithm="fricas")

[Out] -1/3%(2xsqrt(c/sin(b*x + a))*cos(b*x + a)*sin(b*x + a) + I*sqrt(2*I*c)*weie
rstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a)) - I*sqrt(-2*I*c)*weier
strassPInverse(4, 0, cos(b*x + a) - I*sin(b*x + a)))/(b*xc~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

N[w

1
/ dz
(ccsc(a + bx))
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c*csc(b*x+a))**(3/2),x)

[Out] Integral((cxcsc(a + bx*x))*x(-3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(3/2),x, algorithm="giac")
[Out] integrate((c*csc(b*x + a))~(-3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ VAR dz
( sin(a+bzx) >

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c/sin(a + b*x))~(3/2),x)
[Out] int(1/(c/sin(a + b*x))~(3/2), x)
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1
3.23 f (c csc(a+bar;))5/2 dz

Optimal. Leaf size=77

_ 2cos(a +bz) N 6E(3(a—Z+0bz)|2)
5be(cesc(a +bz))*2  5be2\/cesc(a + bx) +/sin(a + bz)

[Out] -2/5*cos(b*x+a)/b/c/(c*xcsc(b*x+a))~(3/2)-6/5*%(sin(1/2*a+1/4*Pi+1/2*b*x)"2)"
(1/2)/sin(1/2%a+1/4*Pi+1/2%b*x)*E1lipticE(cos(1/2*a+1/4%Pi+1/2%b*x) ,2~(1/2)
)/b/c”2/ (c*xcsc(b*x+a)) ~(1/2) /sin(b*x+a) ~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3854, 3856, 2719}

6E(3(a+bz—%)|2) _ 2cos(a+bz)
5bc2+/sin(a + bz) \/cesc(a+ br)  Sbe(cese(a + bx))3/2

Antiderivative was successfully verified.
[In] Int[(c*Cscl[a + b*x])~(-5/2),x]

[Out] (-2*Cos[a + b*x])/(5*b*c*(c*Csc[a + b*x])~(3/2)) + (6*%EllipticE[(a - Pi/2 +
bxx) /2, 2])/(56xbxc”2+Sqrt[cxCsc[a + b*x]]1*Sqrt[Sin[a + b*x]])

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*xx), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Cscl[c + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Csc[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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1
/ 1 do— 2 cos(a + bx) 4 3) Veesc(a + bx) e
(ccsc(a + bx))>/2 5bc(ccsc(a + bx))3/2 5¢2
_ 2 cos(a + bx) 3 [ \/sin(a + bz) dz
~ Bbe(cesc(a +bx))¥2 T 5e2 Veesc(a+ bx) +/sin(a + bz)
_ 2 cos(a + bz) 6E(%(a— 3 +bz)|2)
( )

— + ‘ ‘
5be(cesc(a +b2))*2  5be2/cesc(a + bx) \/sin(a + bx)

Mathematica [A]
time = 0.16, size = 60, normalized size = 0.78

_ 12B((=2a+m—2bz)|2) 2sin(2(a + bz
\/sin(a + bz) . i

10bc+/ccsc(a + bx)

Antiderivative was successfully verified.

[In] Integrate[(c*Cscl[a + b*x])~(-5/2),x]
[Out] ((-12%EllipticE[(-2%a + Pi - 2%b*x)/4, 2])/Sqrt[Sin[a + b*x]] - 2*Sin[2x(a
+ bxx)])/(10%b*c~2xSqrt [cxCsc[a + b*xx]])

Maple [C] Result contains complex when optimal does not.
time = 1.12, size = 547, normalized size = 7.10

method | result
(6 \/_icos(zb+a)—i—sin(mb+a) EuiptiCE<\/icos(zb+a)—i+sin(zb+a) \/E) \/icos(zb+a)—i+sin(zb+a) cos(ab-+

sin(zb+a) sin(zb+a) v2 sin(zb+a)

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*csc(b*x+a))”(5/2),x,method=_RETURNVERBOSE)

[Out] -1/5/b*(6*(-(I*cos(b*x+a)-I-sin(b*x+a))/sin(b*x+a))~(1/2)*E11lipticE(((I*cos
(b*xx+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2),1/2%2~(1/2))*((I*cos (b*x+a)-I+sin(b
*x+a)) /sin(b*x+a)) ~(1/2)*cos (b*x+a)* (-I*(-1+cos(b*x+a)) /sin(b*xx+a))~(1/2)-3
* (- (I*cos(b*x+a)-I-sin(b*x+a))/sin(b*x+a))~(1/2)*EllipticF (((I*cos(b*x+a)-I
+sin(b*x+a)) /sin(b*x+a))~(1/2),1/2x2~(1/2) ) *((I*cos (b*x+a)-I+sin(b*x+a))/si
n(b*x+a))~(1/2)*cos (bxx+a) * (-I*(-1+cos(b*x+a))/sin(b*x+a)) ~(1/2)+6% (- (I*cos
(bxx+a)-I-sin(b*x+a))/sin(b*x+a)) ~(1/2)*E11lipticE(((I*cos(b*x+a)-I+sin(b*x+
a))/sin(b*x+a))~(1/2),1/2%2"(1/2)) *((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))
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~(1/2)*(-I*(-1+cos(b*x+a))/sin(b*x+a)) ~(1/2)-3* (- (I*cos (b*x+a)-I-sin(b*x+a)
)/sin(b*x+a))~(1/2)*E11lipticF(((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2
),1/2%27(1/2)) *((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a)) "~ (1/2)*(-I*(-1+cos (b
*x+a) ) /sin(b*x+a)) " (1/2)-cos(b*x+a) ~3*%27(1/2) +4*cos (b*xx+a) *2~(1/2)-3*%2~(1/2
))/(c/sin(b*x+a))~(5/2)/sin(b*x+a) ~3%2~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(5/2),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(-5/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.34, size = 96, normalized size = 1.25

——
2 (cos (bz + a)® — cos (bz + a)) \/‘/ﬁ + 3 V2i ¢ weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a))) + 3 v/—2i ¢ weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (bz + a) — i sin (bz + a)))
sin (bz + a

5bc?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(5/2),x, algorithm="fricas")

[Out] 1/5%(2*(cos(b*x + a)~3 - cos(b*x + a))*sqrt(c/sin(b*x + a)) + 3*sqrt(2*Ix*c)
*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x +

a))) + 3*xsqrt(-2*I*c)*weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(

b*x + a) - I*sin(b*x + a))))/(b*xc~3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ =dx
(cesc(a+bx))2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))**(5/2),x)
[Out] Integral((c*csc(a + b*x))**(-5/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(c*csc(b*x+a))~(5/2),x, algorithm="giac")
[Out] integrate((cxcsc(b*x + a))~(-5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ VG dz
(sin(a+bm)>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c/sin(a + b*x))~(5/2),x%)
[Out] int(1/(c/sin(a + b*x))~(5/2), x)
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1
3.24 f (c csc(a+bar;))7/2 dz

Optimal. Leaf size=105

2 cos(a + bx) 10 cos(a + bz) N 10y/cesc(a+ br) F(3(a—Z +bz)|2) y/sin(a + bz)

~ The(cesc(a + bx))52  21pc3 cesc(a + br) 21bc*

[Out] -2/7*cos(b*x+a)/b/c/(cxcsc(b*x+a))~(5/2)-10/21*cos(b*x+a)/b/c~3/(c*csc(b*xx+
a))~(1/2)-10/21*%(sin(1/2*a+1/4*Pi+1/2xb*x) ~2)~(1/2)/sin(1/2%a+1/4%Pi+1/2%b*
x)*EllipticF(cos(1/2*a+1/4*Pi+1/2%bxx),27(1/2))*(cxcsc(b*x+a))~(1/2)*sin(b*
x+a)~(1/2)/b/c"4

Rubi [A]

time = 0.04, antiderivative size = 105, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.250,

steps used = 4, number of rules used = 3, integrand size = 12,
Rules used = {3854, 3856, 2720}

10+/sin(a + bz) F(3(a+ bz — %)|2) \/cesc(a + br) _ 10cos(a + bz) 2 cos(a + bx)

21bct 21bc®/cesc(a + bx) ~ The(casc(a + bx))5/2

Antiderivative was successfully verified.
[In] Int[(cxCscla + b*x])~(-7/2),x]

[Out] (-2*Cos[a + b*x])/(7*bxcx(c*Cscla + b*x])~(5/2)) - (10*Cos[a + bxx])/(21*bx*
c~3*xSqrt[cxCsc[a + b*x]]) + (10*Sqrt[c*Cscla + b*x]]*EllipticF[(a - Pi/2 +
b*x) /2, 2]1*Sqrt[Sin[a + b*x]])/(21%b*c~4)

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol]l :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csclc + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Cscl[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2+*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]~n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rubi steps
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/ 1 dp — — 2cos(a + bz) 5]de
(cesc(a+bx))7/2 " The(cesc(a + bx))5/2 7c?
__ 2cos(atbz)  10cos(a+ bz) N 5[ \/ccsc(a+bz) dz
o 7bC(C CSC(a + bx))5/2 21bc3 ccsc(a + b.’L') 2104
5 + bx) \/sin(a + 1
_ 2cos(a+bz)  10cos(a+ bz) ( Veese(atbz) Vsina
~ Tbe(cesc(a+ b))% 21b3+/cosc(a + ba) 21c!
__ 2cos(a+bz)  10cos(a+ bz) N 10y/ccsc(a+bz) F(i(a—2
Tbe(cese(a +02))52  21be3\/cesc(a + bx) 21bc!

Mathematica [A]
time = 0.14, size = 70, normalized size = 0.67

cesc(a + bx) <4OF( 1(—2a + m — 2bz)| 2) \/sin(a + bz) + 26sin(2(a + bz)) — 3sin(4(a + bz)))

84bct

Antiderivative was successfully verified.

[In] Integrate[(c*Cscla + b*x])~(-7/2),x]

[Out] -1/84*(Sqrt[c*Csc[a + b*x]]*(40*%EllipticF[(-2%a + Pi - 2%b*x)/4, 2]*Sqrt[Si
nla + bxx]] + 26+Sin[2*(a + b*x)] - 3*Sin[4*(a + b*x)]))/(b*c™4)

Maple [C] Result contains complex when optimal does not.

time = 1.35, size = 213, normalized size = 2.03

method | result

. [—icos(zb+a)+sin(zb+a)+i i cos(zb+a)—i+sin(zb+a) __i(=1+cos(zb+a)) L o i cos(ab-
(5Z \/ sin(zb+a) sin(zb+a) sin(zb-+a) sin(xb+a) EllipticF —

default

21b(—1+-cos(zb+a)) (—‘

sin(z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*csc(b*x+a))~(7/2),x,method=_RETURNVERBOSE)

[Out] -1/21/b*(5*%I*((I*cos(b*x+a)-I+sin(b*x+a))/sin(b*x+a))~(1/2)*((-I*cos(b*x+a)
+sin(b*x+a)+I)/sin(b*x+a))~(1/2)*E1llipticF (((I*cos(b*x+a)-I+sin(b*x+a))/sin
(b*xx+a))~(1/2),1/2*x2~(1/2) )*sin(b*x+a) * (-I*(-1+cos (b*x+a)) /sin(b*x+a)) ~(1/2
)-3*cos (bxx+a) ~4*2~ (1/2)+3*cos (b*xx+a) "3%2~ (1/2) +8*cos (b*x+a) ~2*2~(1/2) -8*co
s(bxx+a)*2~(1/2))/(-1+cos(b*x+a))/(c/sin(b*x+a)) ~(7/2) /sin(b*x+a) “3*2~(1/2)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(7/2),x, algorithm="maxima")

[Out] integrate((cxcsc(b*x + a))~(-7/2), x)
Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.17, size = 98, normalized size = 0.93

2 (3 cos (bz +a)® — 8 cos (bz + a)) W;_'_H) sin (bz + a) — 5i V'2i ¢ weierstrassPInverse(4, 0, cos (bz + a) + i sin (bz + a)) + 5i v —2i ¢ weierstrassPInverse(4, 0, cos (bz + a) — i sin (bz + a))
21 bet

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(7/2),x, algorithm="fricas")

[Out] 1/21%(2*%(3*cos(b*x + a)~3 - 8*cos(b*x + a))*sqrt(c/sin(b*x + a))*sin(b*x +
a) - bxIxsqrt(2xI*c)*weierstrassPInverse(4, 0, cos(b*x + a) + I*sin(b*x + a

)) + 5*I*sqrt(-2*I*c)*weierstrassPInverse(4, 0, cos(b*x + a) - I*sin(b*x +

a)))/(bxc™4)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ —dx
(cesc(a+bx))?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(bxx+a))**(7/2),x)
[Out] Integral((c*csc(a + b*x))*x(-7/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(7/2),x, algorithm="giac")

[Out] integrate((ckxcsc(b*x + a))~(-7/2), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
J
( sin(a+bzx) )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c/sin(a + b*x))~(7/2),x%)
[Out] int(1/(c/sin(a + b*x))~(7/2), x)
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3.25 [ csc3(a + bx) dz

Optimal. Leaf size=51

3cos(a + bz)/csc(a + bz) 2Fi(—¢, 5; 2;sin’(a + bz))
b+/cos?(a + bx)

[Out] -3*cos(b*x+a)*csc(b*x+a)~(1/3)*hypergeom([-1/6, 1/2],[5/6],sin(b*x+a)~2)/b/
(cos(b*x+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.200,

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3857, 2722}
3cos(a + bz)/csc(a + bz) 2Fi(—¢,5; 2;sin’(a + bz))
b+/cos?(a + bx)

Antiderivative was successfully verified.

[In] Int([Csc[a + b*x]~(4/3),x]

[Out] (-3*Cos[a + b*x]*Csc[a + b*x]~(1/3)*Hypergeometric2F1[-1/6, 1/2, 5/6, Sin[a
+ bxx]~2])/(b*Sqrt [Cos[a + b*x]~2])

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(b*d*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2+*n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)"(mn - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, 4, n}, x] && !IntegerQ[n]

Rubi steps

/cscf“s1 (a+bzx)dx = {’/csc(a + bx) | {’/sin(a + bx)‘ / o

(
3cos(a + bz)v/csc(a + bx) oF1(—3, 55 2;sin’(a + bz))
b+/cos?(a + bx)
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Mathematica [A]
time = 0.08, size = 54, normalized size = 1.06

cos(a + bx){/csc(a + bx) (—3 +29F1(§,3; 3;cos’(a + bz)) {/sin?(a + bz) )
b

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x]~(4/3),x]
[Out] (Cos[a + b*x]*Csc[a + b*x]~(1/3)*(-3 + 2*Hypergeometric2F1[1/6, 1/2, 3/2, C
os[a + bxx]~2]*(Sin[a + b*x]~2)"(1/6)))/b

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/csc§ (zb+ a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~(4/3),x)
[Out] int(csc(b*x+a)~(4/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(4/3),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(4/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(b*x+a)~(4/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(4/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cscs (a + bx) dz



124

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**(4/3),x)
[Out] Integral(csc(a + b*x)#*x(4/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(4/3),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(4/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ (m)%

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(a + b*x))~(4/3),x)
[Out] int((1/sin(a + b*x))~(4/3), x)
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3.26 [ csci(a + bx) dz
Optimal. Leaf size=51

3cos(a+ bzx) o Fy (3, 3; £ si (a—i—bx))
by/cos?(a + bx) /csc(a + bx)

[Out] 3*cos(b*x+a)*hypergeom([1/6, 1/2],[7/6],sin(b*x+a)~2)/b/csc(bxx+a)~(1/3)/(c
os (b*x+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3857, 2722}
3cos(a + bz) 2 F1 (3, 3; %5 sin?(a + b))
b+/cos?(a + bx) /csc(a + bz)

Antiderivative was successfully verified.
[In] Int[Cscla + b*x]~(2/3),x]

[Out] (3%Cos[a + b+*x]*Hypergeometric2F1[1/6, 1/2, 7/6, Sin[a + bxx]~2])/(b*Sqrt([C
os[a + bxx]~2]*Csc[a + b*x]~(1/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]1~2], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)"(n - 1)*((Sinl[c + d*x]/b)~(n - 1)*Int[1/(Sinl[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] & !'IntegerQ[n]

Rubi steps

/CSC§ (a+bx)dx = csch (a + bx) sin? (a + bx) / 2; dx
sin3 (a + bx)

3cos(a+ bz) o F1 (5, 35 % sin?(a + b))

by/cos?(a + bx) /csc(a + bx)
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Mathematica [A]
time = 0.06, size = 51, normalized size = 1.00

cos(a + bz) 2 F1 (3, 2; 2; cos?(a + b))
by/csc(a + bx) {/sin*(a + bx)

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x]~(2/3),x]

[Out] -((Cos[a + bxx]*Hypergeometric2F1[1/2, 5/6, 3/2, Cos[a + b*x]~2])/(b*Csc[a
+ b*x]~(1/3)*(Sin[a + b*xx]~2)~(1/6)))

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

/CSC§ (xb+ a) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*xx+a)~(2/3),x)
[Out] int(csc(b*xx+a)~(2/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(2/3),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(2/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(2/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(2/3), x)
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ cscs (a + bx) dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**(2/3),x)
[Out] Integral(csc(a + b*x)#*x(2/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(2/3),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ (m)mdw

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(a + b*x))~(2/3),x)
[Out] int((1/sin(a + b*x))~(2/3), x)
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3.27 [ ¥/csc(a+bx) dx

Optimal. Leaf size=53

3cos(a + bz) o F1 (3, 3; 5;sin’(a + b))

2b+/cos?(a + bx) csc3 (a + bz)

[Out] 3/2*cos(b*x+a)*hypergeom([1/3, 1/2],[4/3],sin(b*x+a)~2)/b/csc(b*x+a)”~(2/3)/
(cos (b*x+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 53, normalized size of antiderivative = 1.00, number of

number of rules — 0.200,
integrand size

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3857, 2722}

3cos(a + bx) 2F1(§ 3 3;sin?(a + bz))

2b+/cos?(a + b cs03 (a + bx)

Antiderivative was successfully verified.
[In] Int[Cscla + b*x]~(1/3),x]

[Out] (3*Cos[a + b*x]*Hypergeometric2F1[1/3, 1/2, 4/3, Sinl[a + b*x]~2])/(2%b*Sqrt
[Cos[a + b*x]~2]*Csc[a + bxx]~(2/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sinlc + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2+*n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d#*x]
)" (n - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]1), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

R e e R e

_ 3cos(a + bz) 2F1(3,3; 3 sin’(a + bz))

92b+/cos?(a + bz) csci(a+ bz)
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Mathematica [A]
time = 0.06, size = 51, normalized size = 0.96

cos(a + bz) 2 F1 (3, 2; 2; cos?(a + b))
bescs (a + bx) ¢/sin2(a + bz)

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x]~(1/3),x]
[Out] -((Cos[a + bxx]*Hypergeometric2F1[1/2, 2/3, 3/2, Cos[a + b*x]~2])/(b*Csc[a
+ b*x]~(2/3)*(Sin[a + bxx]~2)~(1/3)))

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

/cscé (xzb+ a) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a)~(1/3),x)
[Out] int(csc(b*xx+a)~(1/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(1/3),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(1/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(1/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(1/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ Veselar i) do
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**(1/3),x)
[Out] Integral(csc(a + b*x)#*x(1/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)~(1/3),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(1/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ (m)mdw

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(a + b*x))~(1/3),x)
[Out] int((1/sin(a + b*x))~(1/3), x)
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3.28 -dx

1
/ Y/csc(a + br)
Optimal. Leaf size=53

3cos(a + bz) o F1 (3, 2; §,s1n >(a+bz))
4b+/cos?(a + bz) csc3 (a + bx)

[Out] 3/4*cos(b*x+a)*hypergeom([1/2, 2/3],[56/3],sin(b*x+a)~2)/b/csc(b*x+a)”~(4/3)/
(cos (b*x+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 53, normalized size of antiderivative = 1.00, number of

number of rules — 0.200,
integrand size

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3857, 2722}

3cos(a + bz) 2 F1 (3, 2; 3;sin?(a + b))

4b~/cos?(a + bx)  csc (a + bz)

Antiderivative was successfully verified.

[In] Int[Cscla + b*x]~(-1/3),x]

[Out] (3*Cos[a + b*x]*Hypergeometric2F1[1/2, 2/3, 5/3, Sin[a + b*x]~2])/(4*b*Sqrt
[Cos[a + b*x]~2]*Csc[a + b*x]~(4/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(b*d*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (o + 3)/2, Sinlc + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d#*x]
)~ (n - 1)*((Sin[c + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)~"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

]. 2 2
dx = csc3(a + bx)sin3 (a + bx / v/sin(a + bx) dx
/ v esc(a + bx) ( ) (a+ba) ( )

_ 3cos(a + bz) 2F1(% % 2 sin’(a + bz))

4b+/cos?(a + bx) csc3 (a + bx)
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Mathematica [A]
time = 0.06, size = 51, normalized size = 0.96

cos(a + bz) 2 F1 (3, 3; 3; cos?(a + b))

bescs (a + bx) sin?(a + bx)?/3

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x]~(-1/3),x]
[Out] -((Cos[a + b*x]*Hypergeometric2F1[1/3, 1/2, 3/2, Cos[a + b*x]~2])/(b*Csc[a

+ b*x]~(4/3)*(Sin[a + b*x]~2)7(2/3)))

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

[
csc (zb+a)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/csc(b*x+a)~(1/3),x)
[Out] int(1/csc(b*x+a)~(1/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(1/3),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(-1/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/csc(b*x+a)”~(1/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(-1/3), x)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

| e ®
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)**(1/3),x)
[Out] Integral(csc(a + b*x)**(-1/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/csc(b*x+a)~(1/3),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(-1/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1
/ T \B dz
(sin(a+bx)>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(a + b*x))~(1/3),x)
[Out] int(1/(1/sin(a + b*x))~(1/3), x)
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3.29 [—+—dx

csc3 (a+bx)
Optimal. Leaf size=53

3 cos(a + bx) 2F1(2,6,%,sm (a+bz))
5by/cos?(a + bz) csci(a + bz)

[Out] 3/5*cos(b*x+a)*hypergeom([1/2, 5/6]1,[11/6],sin(b*x+a)~2)/b/csc(b*x+a)~(5/3)
/ (cos(bxx+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 53, normalized size of antiderivative = 1.00, number of

0, number of rules — 0.200,
integrand size

steps used = 2, number of rules used = 2, integrand size = 1
Rules used = {3857, 2722}

3cos(a + bz) o F1 (3, 2; Y sin®(a + bz))

5by/cos?(a + bz) csci(a + bz)

Antiderivative was successfully verified.

[In] Int[Csc[a + b*x]~(-2/3),x]

[Out] (3*Cos[a + b*x]*Hypergeometric2F1[1/2, 5/6, 11/6, Sin[a + bxx]~2])/(5xb*Sqr
t[Cos[a + b*x]"2]*Csc[a + b*x]~(5/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2*n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csclc + dx*x]
)~ (n - 1)*((Sin[c + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] & !IntegerQ[n]

Rubi steps

/ 2; dx = {/csc(a + bx) ¥/sin(a + bz) /sing (a + bx) dx
csc3(a + bx)

_ 3cos(a+bx)2F (3, ;4 sin’(a + bx))

5b\/cos?(a + bx) csci (a + be)
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Mathematica [A]
time = 0.06, size = 51, normalized size = 0.96

cos(a + bz) 2 F1 (3, 3; 3; cos?(a + b))

bescs (a + bx) sin?(a + bz)5/6

Antiderivative was successfully verified.

[In] Integrate[Cscl[a + b*x]~(-2/3),x]
[Out] -((Cos[a + b*x]*Hypergeometric2F1[1/6, 1/2, 3/2, Cos[a + b*x]~2])/(b*Csc[a

+ bxx]~(5/3)*(Sin[a + b*x]~2)~(5/6)))

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

[
csc (zb+ a)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/csc(b*x+a)”~(2/3),x)
[Out] int(1/csc(b*x+a)”~(2/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(2/3),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(-2/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/csc(b*xx+a)~(2/3),x, algorithm="fricas")
[Out] integral(csc(b*x + a)~(-2/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1
—————dzx
cscs (a + bx)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)**(2/3),x)
[Out] Integral(csc(a + b*x)**(-2/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/csc(b*x+a)~(2/3),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(-2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1
/ VAR CE dz
(sin(a+bx)>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(a + b*x))~(2/3),x)
[Out] int(1/(1/sin(a + b*x))~(2/3), x)



137

3.30 [—+—dx

4
csc3 (a+bx)
Optimal. Leaf size=53

3cos(a + bz) o F1 (3, ¢; 25 sin’(a + bz))
7by/cos?(a + bz) csci(a + bz)

[Out] 3/7*cos(b*x+a)*hypergeom([1/2, 7/6]1,[13/6],sin(b*x+a)~2)/b/csc(b*x+a)~(7/3)
/ (cos(bxx+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 53, normalized size of antiderivative = 1.00, number of

number of rules _ (90
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3857, 2722}

3cos(a + bz) o F1 (3, T; £;sin®(a + bx))

7b+/cos?(a + bzx) csci (a + b)

Antiderivative was successfully verified.

[In] Int[Csc[a + bx*x]~(-4/3),x]

[Out] (3*Cos[a + b*x]*Hypergeometric2F1[1/2, 7/6, 13/6, Sin[a + bxx]~2])/(7xb*Sqr
t[Cos[a + b*x]~2]*Csc[a + bxx]~(7/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(b*d*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2*n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csclc + d*x]
)" (n - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]1), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

/ 4; dz = csc? (a + bx) sin? (a + bx) /sing (a + bx) dx
cscs (a + bx)

_ 3cos(a+bx)2F (3, §; ¢;sin’(a + bx))

7b+/cos?(a + bz) csci(a + bz)
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Mathematica [A]
time = 0.13, size = 68, normalized size = 1.28

cos(a + bz) (2F1 (3,23, cos?(a+ bz)) + 3{/sin*(a + bz) )
4b{/csc(a + bx) {/sin®(a + bx)

Antiderivative was successfully verified.

[In] Integrate[Cscla + b*x]~(-4/3),x]
[Out] -1/4%(Cos[a + b*x]*(Hypergeometric2F1[1/2, 5/6, 3/2, Cos[a + b*x]~2] + 3*(S
in[a + b*x]~2)~(1/6)))/(b*Csc[a + b*x]~(1/3)*(Sin[a + b*x]~2)~(1/6))

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

[
csc (zb + a)

Verification of antiderivative is not currently implemented for this CAS.

Wl

[In] int(1/csc(b*x+a)~(4/3),x)
[Out] int(1/csc(b*x+a)~(4/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(4/3),x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~(-4/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)~(4/3),x, algorithm="fricas")

[Out] integral(csc(b*x + a)~(-4/3), x)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1
—dx
cscs (a + bx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/csc(b*x+a)**(4/3),x)
[Out] Integral(csc(a + bxx)**(-4/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/csc(b*x+a)~(4/3),x, algorithm="giac")
[Out] integrate(csc(b*x + a)~(-4/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1
J
( sin(a+bzx) >

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(a + b*x))~(4/3),x)
[Out] int(1/(1/sin(a + b*x))~(4/3), x)
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3.31 [(cesc(a + bx))*3 da

Optimal. Leaf size=54

3ccos(a + bx)V/cesc(a+ bx) oFi(—3,3; 2;sin’(a + bx))
b+/cos?(a + bx)

[Out] -3*c*cos(b*x+a)*(c*xcsc(b*x+a))~(1/3)*hypergeom([-1/6, 1/2],[5/6],sin(b*x+a)
~2)/b/(cos(b*x+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 54, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.167,

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3857, 2722}
3ccos(a + bx)v/cesc(a + bz) 2F1(—3,3; 2;sin’(a + bx))
b+/cos?(a + bx)

Antiderivative was successfully verified.
[In] Int[(cxCscla + b*x])~(4/3),x]

[Out] (-3*c*Cos[a + b*x]*(c*Cscl[a + b*x])~(1/3)*Hypergeometric2F1[-1/6, 1/2, 5/6,
Sin[a + b*x]~2])/(b*Sqrt[Cos[a + b*x]~2])

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857
Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csclc + d*x]

)~ (n - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]1), x] /; Fr
eeQ[{b, c, d, n}, x] & !IntegerQ[n]

Rubi steps

/(c csc(a + bx))*? dz = {/cesc(a + bx) sin(a + bz) / ! 73 4
(& (sin(a+bz)>
_ 3ccos(a +bx)V/cesc(a+bx) o F) (—%,3; 2;sin?(a + bx))

by/cos?(a + bzx)
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Mathematica [A]
time = 0.05, size = 57, normalized size = 1.06

ccos(a + bxr)+/cesc(a + br) (—3+22F1(é,%;%;0032(a+bx)) */sin?(a + bx) )
b

Antiderivative was successfully verified.

[In] Integrate[(c*Cscla + b*x])~(4/3),x]
[Out] (cxCos[a + bxx]*(c*Csc[a + b*x])~(1/3)*(-3 + 2xHypergeometric2F1[1/6, 1/2,

3/2, Cosl[a + bxx]~2]*(Sin[a + b*x]~2)~(1/6)))/b

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

/ (cesc (zb+ a))% dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*csc(b*x+a))~(4/3),x)
[Out] int((c*csc(b*x+a))~(4/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(4/3),x, algorithm="maxima")
[Out] integrate((cxcsc(b*x + a))~(4/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(4/3),x, algorithm="fricas")

[Out] integral((c*csc(b*x + a))~(1/3)*c*csc(b*x + a), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (cesc(a+ bz‘))% dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))**(4/3),x)
[Out] Integral((cxcsc(a + bxx))*x(4/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*csc(b*x+a))~(4/3),x, algorithm="giac")
[Out] integrate((c*csc(b*x + a))~(4/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

[ () ©

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c/sin(a + b*x))~(4/3),x)
[Out] int((c/sin(a + b*x))~(4/3), x)
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3.32 [(cesc(a + bx))?/3 da

Optimal. Leaf size=54

3ccos(a + bz) o Fy (5, 35 % sin?(a + b))
by/cos?(a + bx) /ccsc(a+ bx)

[Out] 3*c*cos(b*x+a)*hypergeom([1/6, 1/2],[7/6],sin(b*x+a)~2)/b/(c*csc(b*x+a))~ (1
/3)/ (cos(b*x+a)~2)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 54, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.167,

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3857, 2722}
3ccos(a + bz) o Fy (5, 35 %5 si (a+bx))
by/cos?(a + bx) &/ccsc(a + br)

Antiderivative was successfully verified.

[In] Int[(c*Cscla + bx*x])~(2/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/6, 1/2, 7/6, Sin[a + b*x]~2])/(b*Sqrt
[Cos[a + b*x]~2]*(cxCsc[a + bxx])~(1/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (@ + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)"(n - 1)*((Sinl[c + d*x]/b)"(n - 1)*Int[1/(Sinl[c + d*x]/b)"n, x]1), x] /; Fr
eeQ[{b, c, d, n}, x] & !'IntegerQ[n]

Rubi steps

. 2/3
[ eesetars ba) 5 da = (cescla+ b)) (SHEEED) T ] (s—m<a+1,,z)>2/3 )

_3cos(a + bz)(cesc(a+ bx))* o Fy (3, 35 ¢;sin*(a + bx)) sin(a + bx)

26
by/cos?(a + bx)
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Mathematica [A]
time = 0.07, size = 59, normalized size = 1.09

_ cos(a + bx)(cesc(a + bx))?/3 2 F1 (3, 2; 3; cos®(a + bx)) sin(a + bx)

by/sin?(a + bx)

Antiderivative was successfully verified.

[In] Integrate[(c*Cscla + b*x])~(2/3),x]
[Out] -((Cos[a + bxx]*(c*Csc[a + b*x])~(2/3)*Hypergeometric2F1[1/2, 5/6, 3/2, Cos
[a + b*x]~2]*Sin[a + b*x])/(b*(Sin[a + b*x]~2)~(1/6)))

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

/ (cesc (zb+ a))% dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*csc(b*x+a))~(2/3),x)
[Out] int((c*csc(b*x+a))~(2/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(2/3),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(2/3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*csc(b*x+a))~(2/3),x, algorithm="fricas")
[Out] integral((cxcsc(b*x + a))~(2/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (cesc(a+ bm))§ dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))**(2/3),x)
[Out] Integral((cxcsc(a + bx*x))*x(2/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*csc(b*x+a))~(2/3),x, algorithm="giac")
[Out] integrate((c*csc(b*x + a))~(2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

[ () ®

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c/sin(a + b*x))~(2/3),x)
[Out] int((c/sin(a + b*x))~(2/3), x)
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3.33 [ ¥/ccsc(a+bx) dx

Optimal. Leaf size=56
3ccos(a + bx) o F1 (% 1 3;sin%(a + bx))

2b+/cos?(a + bz) (ccsc(a + bx))?/3

[Out] 3/2*c*cos(b*x+a)*hypergeom([1/3, 1/2],[4/3],sin(b*x+a)~2)/b/(c*csc(b*x+a))”
(2/3)/ (cos(b*x+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.167,

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3857, 2722}

3ccos(a + bx) o Fy (3, 3; 5;8in%(a + b))
2b+/cos?(a + bx) (cesc(a + bx))?/3

Antiderivative was successfully verified.

[In] Int[(cxCscla + b*x])~(1/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/3, 1/2, 4/3, Sinl[a + b*x]~2])/(2%b*Sq
rt[Cos[a + b*x]~2]*(cxCscla + b*x])~(2/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(b*d*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]1~2], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)" (n - 1)*((Sin[c + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]1), x] /; Fr
eeQ[{b, c, d, n}, x] & !IntegerQ[n]

Rubi steps

3/81n + bx)

_ 3cos(a + bzx)/cesc(a + bx) 2Fi(3, 35 %, a + bz)) sin(a + bz)
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Mathematica [A]
time = 0.07, size = 59, normalized size = 1.05

cos(a + bz)y/cese(a+ bx) oFi(5,2; 3; cos’(a + bx)) sin(a + bz)
by/sin?(a + bx)

Antiderivative was successfully verified.

[In] Integrate[(c*Cscl[a + b*x])~(1/3),x]
[Out] -((Cos[a + bxx]*(c*Csc[a + b*x])~(1/3)*Hypergeometric2F1[1/2, 2/3, 3/2, Cos
[a + bxx]~2]*Sin[a + b*x])/(b*(Sin[a + b*x]~2)~(1/3)))

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

/ (cesc (zb+ a))% dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*csc(b*x+a))~(1/3),x)
[Out] int((c*csc(b*x+a))~(1/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))~(1/3),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(1/3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*csc(b*x+a))~(1/3),x, algorithm="fricas")
[Out] integral((c*csc(b*x + a))~(1/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ Vewcar i) do
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))**(1/3),x)
[Out] Integral((cxcsc(a + bxx))*x(1/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*csc(b*x+a))~(1/3),x, algorithm="giac")
[Out] integrate((c*csc(b*x + a))~(1/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

[ () ®

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c/sin(a + b*x))~(1/3),x)
[Out] int((c/sin(a + b*x))~(1/3), x)
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1
-d
J Y/ccsc(a + br) v

Optimal. Leaf size=56

3.34

3ccos(a + bx) o Fy (3, 2; 3;sin?(a + bz))
4b+/cos?(a + bz) (ccsc(a + br))Y/3

[Out] 3/4*c*cos(b*x+a)*hypergeom([1/2, 2/3],[56/3],sin(b*x+a)~2)/b/(c*csc(b*x+a))”
(4/3)/ (cos(b*x+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.167,

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3857, 2722}

3ccos(a + bx) o Fy (% 2, 3;sin’(a + b))

4b+/cos?(a + bz) (ccsc(a + bx))*/3

Antiderivative was successfully verified.

[In] Int[(cxCscla + b*x])~(-1/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/2, 2/3, 5/3, Sinl[a + b*x]~2])/(4%b*Sq
rt[Cos[a + b*x]~2]*(c*Cscla + b*x])~(4/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2+*n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)"(n - 1)*((Sinl[c + d*x]/b)~(n - 1)*Int[1/(Sinl[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] & !'IntegerQ[n]

Rubi steps

/ - —CCSC(Z e dz = (cesc(a + bz))*? <—Sin(a ha bw))2/3/ FM da

3cos(a + bx)(cesc(a + bz))?/ 2 F1 (3, 2; 3;sin’(a + bx)) sin?(a + bz)

4bc/cos?(a + bx)
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Mathematica [A]
time = 0.07, size = 59, normalized size = 1.05
cos(a + bz) 2 F1(3, 35 3; cos®(a + bx)) sin(a + bz)

by/ccsc(a + bx) sin?(a + bx)?/3

Antiderivative was successfully verified.

[In] Integrate[(c*Cscl[a + b*x])~(-1/3),x]
[Out] -((Cos[a + bx*x]*Hypergeometric2F1[1/3, 1/2, 3/2, Cos[a + b*x]~2]*Sin[a + bx*
x])/(b*(cxCsc[a + b*x])~(1/3)*(Sin[a + b*x]~2)~(2/3)))

Maple [F]
time = 0.02, size = 0, normalized size = 0.00

W=

1
/ dz
(cesc(zb+ a))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*csc(b*x+a))~(1/3),x)
[Out] int(1/(c*csc(b*x+a))~(1/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(1/3),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(-1/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(1/3),x, algorithm="fricas")
[Out] integral((c*csc(b*x + a))~(2/3)/(c*csc(b*x + a)), x)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ \/ +
dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))**(1/3),x)
[Out] Integral((c*csc(a + b*x))*x(-1/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c*csc(b*x+a))~(1/3),x, algorithm="giac")
[Out] integrate((c*csc(b*x + a))~(-1/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1
/ T \iB dz
(sin(a+bx)>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c/sin(a + b*x))~(1/3),x)
[Out] int(1/(c/sin(a + b*x))~(1/3), x)
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1
3.35 f (c csc(a+ba;))2/3 dz

Optimal. Leaf size=56

3ccos(a + bz) 2 F1 (3, 3; 4 sin’(a + bz))

5b+/cos?(a + bz) (ccsc(a + bx))5/3

[Out] 3/5*c*cos(b*x+a)*hypergeom([1/2, 5/6],[11/6],sin(b*x+a)~2)/b/(c*csc(b*x+a))
~(5/3)/ (cos(b*x+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

steps used = 2, number of rules used = 2, integrand size — 12, Rumber of rules = 0.167,

integrand size
Rules used = {3857, 2722}

3ccos(a + bz) 2 F1 (3, 3; 4 sin’(a + bz))

5b/cos?(a + bx) (cesc(a + bx))3/3

Antiderivative was successfully verified.

[In] Int[(cxCscla + b*xx])~(-2/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/2, 5/6, 11/6, Sin[a + b*x]~2])/(5xbxS
qrt[Cos[a + b*x]~2]*(cxCsc[a + bxx])~(5/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + dxx]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Cscl[c + d*x]
)~ (n - 1)*((Sin[c + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)~"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps

/ (ccsc(aibx))m dz = {/ccsc(a +ba) \/@ / (M)m da

3cos(a—|—bx)\/ccsc(a—|—bx 2F1(3,2; %5 sin?(a + b)) sin?(a + bx)
5bcy/cos?(a + bx)
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Mathematica [A]
time = 0.07, size = 59, normalized size = 1.05

cos(a + bz) 2 F1 (3, 3; 3; cos?(a + bz)) sin(a + bz)
b(ccsc(a + bx))2/3 sin’(a + bx)5/6

Antiderivative was successfully verified.

[In] Integrate[(cxCscla + bxx])~(-2/3),x]

[Out] -((Cos[a + bxx]*Hypergeometric2F1[1/6, 1/2, 3/2, Cos[a + b*x]~2]*Sin[a + bx*
x])/(bx(cxCscl[a + b*x])~(2/3)*(Sin[a + b*x]~2)~(5/6)))

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

W

1
/ dz
(ccsc (zb+ a))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*csc(b*xx+a))~(2/3),x%)
[Out] int(1/(c*csc(b*x+a))~(2/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(2/3),x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~(-2/3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(2/3),x, algorithm="fricas")
[Out] integral((c*csc(b*x + a))~(1/3)/(c*csc(b*x + a)), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (ccsc (a1+ bx))% &
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c*csc(b*x+a))**(2/3),x)
[Out] Integral((c*csc(a + bx*x))*x(-2/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(2/3),x, algorithm="giac")
[Out] integrate((c*csc(b*x + a))~(-2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1
/ T\ dz
(sin(a+bx)>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c/sin(a + b*x))~(2/3),x)
[Out] int(1/(c/sin(a + b*x))~(2/3), x)
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1
3.36 f (c csc(a+ba;))4/3 dz

Optimal. Leaf size=56

3ccos(a + bz) 2 F1 (3, 25 2;sin?(a + bz))

7b\/m ) (ccsc(a + bx))7/3

[Out] 3/7*c*cos(b*x+a)*hypergeom([1/2, 7/6],[13/6],sin(b*x+a)~2)/b/(c*csc(b*x+a))
~(7/3)/(cos(bxx+a)~2)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

steps used = 2, number of rules used = 2, integrand size = 12, number of rules _ () 167 ,

integrand size
Rules used = {3857, 2722}

3ccos(a + bz) 2 F1 (3, 25 %2;sin’(a + bz))

Tb+/cos?(a + bx) (ccsc(a + bx))7/3

Antiderivative was successfully verified.

[In] Int[(c*Cscla + b*x])~(-4/3),x]

[Out] (3*c*Cos[a + b*x]*Hypergeometric2F1[1/2, 7/6, 13/6, Sin[a + bxx]~2])/(7xb*S
qrt[Cos[a + b*x]~2]*(cxCsc[a + bxx])~(7/3))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2+*n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)"(m - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, 4, n}, x] && !IntegerQ[n]

Rubi steps

dz = (ccse(a + bx))2/3 (w)w / (M)m do

c
_3 cos(a + bz)(cesc(a + bx))?/3 2 F1 (1, %, 2 sin’(a + bz)) sin®(a + bz)
os*(a

7.
) 6
Tbc?+/cos?(a + b )

/ (cesc(a }I- bx))4/3
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Mathematica [A]
time = 0.17, size = 76, normalized size = 1.36
csc?(a + bx) (2cot(a + bx) 2 F1 (3, 35 2; cos®(a + bz)) sin®(a + bz)>/® + 3sin(2(a + bz)))
8b(ccsc(a + bx))*/3

Antiderivative was successfully verified.

[In] Integrate[(c*Cscl[a + bx*x])~(-4/3),x]

[Out] -1/8%(Cscl[a + b*x]~2x(2*Cot[a + b*x]*Hypergeometric2F1[1/2, 5/6, 3/2, Cos[a
+ b*x]"2]*(Sin[a + b*x]~2)~(5/6) + 3*Sin[2*(a + b*x)]))/(b*(cxCsc[a + b*x]

)~ (4/3))

Maple [F]

time = 0.03, size = 0, normalized size = 0.00

1
/ T dx
(cesc(zb+a))3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*csc(b*xx+a))~(4/3),x)
[Out] int(1/(c*csc(b*x+a))~(4/3),x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(4/3),x, algorithm="maxima")
[Out] integrate((cxcsc(b*x + a))~(-4/3), x)
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(4/3),x, algorithm="fricas")
[Out] integral((cxcsc(b*x + a))~(2/3)/(c”2xcsc(b*x + a)~2), x)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (ccsc (al—i- bx))% &
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c*csc(b*x+a))**(4/3),x)
[Out] Integral((c*csc(a + b*x))*x(-4/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*csc(b*x+a))~(4/3),x, algorithm="giac")
[Out] integrate((c*csc(b*x + a))~(-4/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1
/ VAEEE dz
(sin(a+bx)>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c/sin(a + b*x))~(4/3),x)
[Out] int(1/(c/sin(a + b*x))~(4/3), x)
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3.37 [ csc™(a + bx) dx

Optimal. Leaf size=69

cos(a + bz) csc™ " (a + bz) o F1 (3, 152; 352 sin?(a + bx))

b(1 — n)+/cos?(a + bx)

[Out] cos(b*x+a)*csc(b*x+a)”(-1+n)*hypergeom([1/2, 1/2-1/2*n], [3/2-1/2*n],sin(b*x
+a)~2)/b/(1-n) /(cos (b*x+a) ~2) ~(1/2)

Rubi [A]

time = 0.03, antiderivative size = 69, normalized size of antiderivative = 1.00, number of

number of rules _ o5
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 8,
Rules used = {3857, 2722}

cos(a + bz) csc"H(a + bz) o F1 (3, 152; 252; sin?(a + bz))

b(1 — n)+/cos?(a + bx)

Antiderivative was successfully verified.
[In] Int[Cscl[a + b*x] n,x]

[Out] (Cos[a + b*x]*Csc[a + b*x]~ (-1 + n)*Hypergeometric2F1[1/2, (1 - n)/2, (3 -
n)/2, Sin[a + b*x]~2])/(b*(1 - n)*Sqrt[Cos[a + b*x]~2])

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]1"2], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2+*n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Cscl[c + d*x]
)"(n - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, 4, n}, x] && !IntegerQ[n]

Rubi steps

/csc"(a + bx) dx = csc™(a + bx) sin"(a + bx) / sin™"(a + bx) dx
_cos(a + bx) csc " (a + bx) o 1 (3, 157; 2575 sin®(a + bx))

b(1 — n)+/cos?(a + bx)
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Mathematica [A]
time = 0.10, size = 59, normalized size = 0.86

cos(a + bz) cse™ " (a + ba) o Fi (3, 47 §; cos”(a + b)) sin?(a + ba) 31
- b

Antiderivative was successfully verified.

[In] Integrate[Csc[a + b*x] n,x]
[Out] -((Cos[a + bxx]*Csc[a + b*x]~ (-1 + n)*Hypergeometric2F1[1/2, (1 + n)/2, 3/2
, Cos[a + bxx]~2]*(Sin[a + b*x]~2)~((-1 + n)/2))/b)

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/ csc” (zb+ a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(b*x+a) "n,x)
[Out] int(csc(b*x+a) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a) n,x, algorithm="maxima")
[Out] integrate(csc(b*x + a)~n, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(b*x+a) n,x, algorithm="fricas")
[Out] integral(csc(b*x + a)“n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/CSC” (a + bx) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a)**n,x)

[Out] Integral(csc(a + b*x)**n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(b*x+a) n,x, algorithm="giac")
[Out] integrate(csc(b*x + a)~n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (m)n‘”

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(a + b*x)) n,x)
[Out] int((1/sin(a + b*x))"n, x)
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3.38 [(ccesc(a + bx))" dz

Optimal. Leaf size=72

ccos(a + bz)(cesc(a + bz)) "o Fi (3, 152; 252 sin?(a + b))
b(1 — n)+/cos?(a + bx)

[Out] c*cos(b*x+a)*(cxcsc(b*x+a))~(-1+n)*hypergeom([1/2, 1/2-1/2%n],[3/2-1/2%n],s
in(b*x+a)~2)/b/(1-n)/(cos(b*x+a) ~2)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 72, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.200,

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3857, 2722}

ccos(a + bz)(cesc(a + bx))" ! o Fy (3, 15%; 252 sin?(a + bx))

b(1 — n)+/cos?(a + bx)

Antiderivative was successfully verified.

[In] Int[(c*Cscl[a + b*x]) n,x]

[Out] (c*Cos[a + b*x]*(c*Csc[a + bxx])~(-1 + n)*Hypergeometric2F1[1/2, (1 - n)/2,
(3 - n)/2, Sin[a + b*x]~2])/(b*(1 - n)*Sqrt[Cos[a + b*x]~2])

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxSin[c + d*x])~(n + 1)/(b*d*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]1~2], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)"(n - 1)*((Sinl[c + d*x]/b)~(n - 1)*Int[1/(Sinl[c + d*x]/b)"n, x]1), x] /; Fr
eeQ[{b, c, d, n}, x] & !'IntegerQ[n]

Rubi steps

/(c csc(a + bx))" dz = (cesc(a + bx))" (Sm a+ bo) ) (sm(a + b:v)) dx
cos(a + bz)(cesc(a + bz))" o Fy (5, 157 37, n?(a + bz)) sin(a + bz)

b(1 — n)+/cos?(
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Mathematica [A]
time = 0.08, size = 65, normalized size = 0.90

cos(a + bz)(cesc(a + bx))" o Fy (3, 1225 35 cos?(a + bz) ) sin(a + bx) sin®(a + bx)2 (1)
- b

Antiderivative was successfully verified.

[In] Integrate[(c*Csc[a + b*x]) n,x]
[Out] -((Cos[a + bxx]*(c*Csc[a + b*x]) “nxHypergeometric2F1[1/2, (1 + n)/2, 3/2, C
os[a + bxx]~2]*Sinf[a + b*x]*(Sin[a + b*x]~2)~((-1 + n)/2))/b)

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/ (cese (zb+ a))” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*csc(b*x+a)) n,x)
[Out] int((c*csc(b*x+a)) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a)) n,x, algorithm="maxima")
[Out] integrate((c*csc(b*x + a))~n, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a)) n,x, algorithm="fricas")

[Out] integral((c*csc(b*x + a))’n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (cesc(a+ bx))" dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a))**n,x)

[Out] Integral((c*csc(a + b#*x))*#*n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*csc(b*x+a)) n,x, algorithm="giac")
[Out] integrate((c*csc(b*x + a))7°n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

[ (war) =

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c/sin(a + b*x)) n,x)

[Out] int((c/sin(a + b*x))"n, x)
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3.39 [ csc?(z)"/? dx

Optimal. Leaf size=50

1
—% sinh ™! (cot(z)) — %cot(z) vese?(z) — % cot(z) csc?(z)%/? — 8 cot(z) csc?(z)%/?

[Out] -5/16*arcsinh(cot(x))-5/24*cot(x)*(csc(x)~2)~(3/2)-1/6*cot(x)*(csc(x)"2)"(5
/2)-5/16*cot (x)*(csc(x)~2)~(1/2)

Rubi [A]

time = 0.01, antiderivative size = 50, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.375,

steps used = 5, number of rules used = 3, integrand size = 8
Rules used = {4207, 201, 221}

5/2 3/2 _ i cot(x) CSC2(£I7) — i Sinh_l(COt(-'E))

- % cot(z) csc?(x) T 16

1 2
~5 cot(z) csc*(x)

Antiderivative was successfully verified.
[In] Int[(Csc[x]~2)~(7/2),x]

[Out] (-5%ArcSinh[Cot[x]])/16 - (5*Cot[x]*Sqrt[Csc[x]~2])/16 - (5*Cot[x]*(Csc[x]~
2)7(3/2))/24 - (Cot[x]*(Csc[x]~2)~(5/2))/6
Rule 201

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 4207

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*xx~2)"(p - 1),
x], x, Tanle + fxx]/£ff], x]] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps
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/(3802(:::)7/2 dx = —Subst (/ (1+ x2)5/2 dz, z, cot(x))

= —é cot(x) CSC2(CE)5/2 — gSubst (/ (1 + $2)3/2 dz, T, cot(:c))

24
5 5 20, \3/2 _ L a0 v5/2 _ O
=15 cot(z)/csc?(z) — 2 cot(x) csc*(x)>* — 5 cot(x) csc*(z)/* — ESubst Vi

1
= —1% sinh™!(cot(z)) — 1% cot(x)/csc?(z) — % cot(z) csc?(z)%/2 — 8 cot(z) csc?(x)°/2

1
__2 cot(z) csc?(z)%/2 — 5 cot(z) csc?(x)%/? — gSubst (/ V1+2? dz,z,cot(x)

Mathematica [A]
time = 0.27, size = 92, normalized size = 1.84

ﬁ csc?(x) (—30 csc? (g) —6esct (g) — csc® (g) —120 (log (cos (%)) — log (sin (g))) + 30sec? (g) + 6sec’ (g) + sec® (%)) sin(z)

Antiderivative was successfully verified.

[In] Integrate[(Csc[x]~2)~(7/2),x]

[Out] (Sqrt[Csc[x]~2]*(-30%Csc[x/2]"2 - 6*%Csc[x/2]"4 - Csc[x/2]"6 - 120%(Logl[Cos[
x/2]] - Logl[Sin[x/2]]) + 30%Sec[x/2]"2 + 6x*Sec[x/2]"4 + Sec[x/2]76)*Sin[x])

/384

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 100 vs.

2(36) = 72.

time = 0.13, size = 101, normalized size = 2.02

method | result

sin(z)

sin(z)
default | — 5

e 10iz 8ix 6ix dix 2ia S A . __ e
i (c2iz—1)? (15e10%® 85 e8¢ 1198 €59 +198 €41 —85 €21 +15) 5 (c2io—1)? n(e*—1)sin(z) 5 =
— + —

24(e?ie —1)° 8

(15 (cosb(z)) In (— cos(z)~1 ) +15(cos®(z)) —45(cos*(z)) In (— cos(z) -1 ) —40(cos®(z))+45(cos?(z)) In (— CO::E)E; ! > +33 cos(z)—1

risch

Verification of antiderivative is not currently implemented for this CAS.

[In] int((csc(x)~2)~(7/2),x,method=_RETURNVERBOSE)

[Out] -1/96%(15%cos(x) "6*1n(-(cos(x)-1)/sin(x))+15*cos(x) ~5-45*cos(x) ~4*1n(-(cos(
x)-1)/sin(x))-40*cos (x) ~3+45*cos (x) "2*x1n(-(cos(x)-1)/sin(x))+33*cos (x)-15%1
n(-(cos(x)-1)/sin(x)))*sin(x)*(-1/(cos(x)"2-1))~(7/2)*4~(1/2)
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Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 1669 vs.
2(36) = T2.
time = 0.61, size = 1669, normalized size = 33.38

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(7/2),x, algorithm="maxima")

[Out] -1/96*(4*x(15%cos(11*x) - 85*cos(9*x) + 198*cos(7+*x) + 198*cos(5*x) - 85*cos
(3*x) + 15*cos(x))*cos(12*x) - 60*(6*cos(10*x) - 15%cos(8*x) + 20*cos(6%*x)
- 15*cos(4*x) + 6*xcos(2*x) - 1)*cos(11xx) + 24%(85*cos(9*x) - 198*cos(7*x)
- 198*cos(5*x) + 85%cos(3*x) — 15%cos(x))*cos(10*x) - 340*(15*cos(8*x) - 20
*cos(6*x) + 15xcos(4#*x) - 6*cos(2*x) + 1)*cos(9*x) + 60*(198*cos(7*x) + 198
*cos (5*%x) - 85*cos(3*x) + 15*cos(x))*cos(8*x) - 792*(20*cos(6*x) - 15*cos(4
*x) + 6%cos(2*x) - 1)*cos(7*x) - 80%(198*cos(5*x) - 85*cos(3*x) + 15*cos(x)
)Y*cos(6*x) + 792*(15*cos(4*x) - 6*cos(2*x) + 1)*cos(5*x) - 300*(17*cos(3*x)
- 3*cos(x))*cos(4*xx) + 340*(6*cos(2*x) — 1)*cos(3*x) - 360*cos(2*x)*cos(x)
+ 15%(2x(6*cos(10*x) — 15%cos(8*x) + 20*cos(6*x) - 15xcos(4*x) + 6*xcos(2*x
) - 1)*cos(12*%x) - cos(12*x)~2 + 12*x(15*cos(8*x) - 20*cos(6*x) + 15*cos(4*x
) - 6*xcos(2*x) + 1)*cos(10*x) - 36*cos(10*x) "2 + 30*(20*cos(6*x) - 15*cos(4
*x) + 6*cos(2*x) - 1)*cos(8*x) - 225*cos(8*x)~2 + 40*(15*xcos(4*x) - 6*cos(2
*x) + 1)*cos(6*x) - 400*cos(6*x) "2 + 30*(6*cos(2*x) — 1)*cos(4*x) - 225%cos
(4xx) "2 - 36*cos(2*x)72 + 2% (6*sin(10*x) - 15*sin(8*x) + 20*sin(6*x) - 15%s
in(4*x) + 6*sin(2+*x))*sin(12*x) - sin(12*x)"2 + 12*x(15*sin(8*x) - 20*sin(6*
x) + 15xsin(4*x) - 6*sin(2+*x))*sin(10*x) - 36*sin(10%*x)~2 + 30*(20*sin(6%*x)
- 15*%sin(4*x) + 6*sin(2*x))*sin(8*x) - 226*%sin(8*x)~2 + 120*(5*sin(4*x) -
2%sin(2*x))*sin(6*x) - 400*sin(6*x) "2 - 225*%sin(4*x)~2 + 180*sin(4*x)*sin(2
*x) - 36%sin(2%x)"2 + 12xcos(2*x) - 1)*log(cos(x)"2 + sin(x)~2 + 2xcos(x) +
1) - 15%(2x(6*cos(10*x) - 15%cos(8*x) + 20*cos(6*x) - 15*cos(4*x) + 6*cos(
2*%x) - 1)*cos(12*x) - cos(12*x)"2 + 12*(15*cos(8*x) - 20*cos(6*x) + 15*cos(
4xx) - 6*xcos(2*x) + 1)*cos(10*x) - 36*cos(10*x) "2 + 30*(20*cos(6*x) - 15%co
s(4*xx) + 6*cos(2*x) - 1)*cos(8*x) - 225*cos(8+*x)~2 + 40*(15*cos(4*x) - 6*co
s(2xx) + 1)*cos(6*x) - 400*cos(6*x)"2 + 30*(6*cos(2*x) - 1)*cos(4*x) - 225x%
cos(4*x) "2 - 36*xcos(2*x)"2 + 2*%(6*sin(10*x) - 15*sin(8*x) + 20*sin(6#*x) - 1
5xsin(4*x) + 6*sin(2*x))*sin(12*x) - sin(12*x)~2 + 12x(15*%sin(8*x) - 20%*sin
(6*%x) + 15xsin(4*x) - 6*sin(2+*x))*sin(10*x) - 36*sin(10*x)~2 + 30*(20*sin(6
*x) - 15*%sin(4*x) + 6*sin(2*x))*sin(8*x) - 2256*%sin(8*x)~2 + 120*(5*sin(4*x)
- 2xsin(2*x))*sin(6*x) - 400*sin(6*x) "2 — 225*%sin(4*x)~2 + 180*sin(4*x)*si
n(2+x) - 36xsin(2*x)~2 + 12*cos(2*x) - 1)*log(cos(x)~2 + sin(x)~2 - 2*cos(x
) + 1) + 4x(15*%sin(11*x) - 85*sin(9*x) + 198*sin(7*x) + 198*sin(5*x) - 85*s
in(3*x) + 16*sin(x))*sin(12*x) - 60*(6*sin(10*x) - 15*sin(8%x) + 20*sin(6*x
) - 15*sin(4#*x) + 6*sin(2*x))*sin(11*x) + 24%(85*%sin(9*x) - 198*sin(7*x) -
198*sin(5*x) + 85*sin(3*x) - 15*sin(x))*sin(10*x) - 340*(15*%sin(8*x) - 20%*s
in(6*x) + 16*sin(4#*x) - 6*sin(2+*x))*sin(9*x) + 60*(198*sin(7*x) + 198*sin(5
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*x) — 85%sin(3*x) + 15*sin(x))*sin(8*x) - 792*(20*sin(6*x) - 15*%sin(4*x) +

6*sin(2*x))*sin(7*x) - 80*(198*sin(5*x) - 85*sin(3*x) + 15*sin(x))*sin(6*x)
+ 2376*(5*sin(4*x) - 2*sin(2*x))*sin(5*x) - 300*(17*sin(3*x) - 3*sin(x))*s
in(4*x) + 2040*sin(3*x)*sin(2*x) - 360*sin(2+*x)*sin(x) + 60*cos(x))/(2*(6*c
08(10*x) - 15*%cos(8*x) + 20*cos(6*x) - 15%cos(4*x) + 6*cos(2*x) - 1)*cos(12
*x) — cos(12*x)”2 + 12%(15*cos(8*x) - 20*cos(6*x) + 15%cos(4*x) - 6*cos(2*x
) + 1)*cos(10*x) - 36*cos(10*x) "2 + 30*(20*cos(6*x) - 15*cos(4*x) + 6*xcos(2
*x) — 1)*cos(8*x) - 225%cos(8*x) "2 + 40*(15*%cos(4*x) - 6*cos(2*x) + 1)*cos(
6*x) - 400*cos(6*x)"2 + 30*(6*cos(2*x) - 1)*cos(4*x) - 225*cos(4*x)~2 - 36%
cos(2*x) "2 + 2x(6*sin(10*x) - 15*%sin(8*x) + 20*sin(6*x) - 15*sin(4*x) + 6%s
in(2*x))*sin(12*x) - sin(12*x)~2 + 12*(15*%sin(8*x) - 20*sin(6*x) + 15*sin(4
*x) — 6*%sin(2*x))*sin(10*x) - 36*sin(10*x) "2 + 30*(20*sin(6*x) - 15*sin(4x*x
) + 6*sin(2*x))*sin(8*x) - 225*sin(8*x) "2 + 120*(5*sin(4*x) - 2*sin(2*x))*s
in(6*x) - 400*sin(6*x)~2 - 225*sin(4*x)~2 + 180*sin(4*x)*sin(2*x) - 36*sin(
2%x) "2 + 12%cos(2*x) - 1)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 93 vs.
2(36) = 72.
time = 4.05, size = 93, normalized size = 1.86

30 cos ()° — 80 cos (z)* — 15 (cos (2)® — 3 cos (z)* + 3 cos (z)* — 1) log (4 cos(x) + 3) + 15 (cos (z)® — 3 cos (z)* + 3 cos () — 1) log (—4 cos (z) + 3) + 66 cos (z)
96 (cos (z)° — 3 cos ()" + 3 cos (z)” — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(7/2),x, algorithm="fricas")

[Out] 1/96%(30*cos(x)~5 - 80*cos(x)~3 - 15*%(cos(x)"6 - 3*cos(x)"4 + 3*cos(x)"2 -
1)*log(1/2*cos(x) + 1/2) + 15*%(cos(x)”6 - 3*cos(x)~4 + 3*cos(x)~2 - 1)*log(
-1/2%cos(x) + 1/2) + 66*cos(x))/(cos(x)"6 - 3*xcos(x)~4 + 3*cos(x)"2 - 1)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)**2)*x(7/2),x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3060 deep

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 129 vs. 2(36) =
72.
time = 0.47, size = 129, normalized size = 2.58

45 (cos(z)—1)  9(cos(z)—1)% | (cos(z)—1)3 9 (cos(z)—1) _ 45 (cos(z)—1)> | 110 (cos(z)-1)* 3 __cos(z)-1
cos(z)+1 (cos(z)+1)2 + (co:(x)+1)3 < cos(z)+1 (cos(z)+1)% + (cos(z)+1)3 1 (COS (x)+1) 5 lOg cos(z)+1

384 sgn (sin (z)) 384 (cos () — 1)*sgn (sin (z)) T3 sgn (sin (z))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((csc(x)~2)~(7/2),x, algorithm="giac")

[Out] -1/384*(45%(cos(x) - 1)/(cos(x) + 1) - 9*(cos(x) - 1)72/(cos(x) + 1)°2 + (c
os(x) - 1)73/(cos(x) + 1)73)/sgn(sin(x)) - 1/384*(9*(cos(x) - 1)/(cos(x) +
1) - 45%(cos(x) - 1)72/(cos(x) + 1)72 + 110*(cos(x) - 1)73/(cos(x) + 1)°3 -
1)*(cos(x) + 1)73/((cos(x) - 1)~3*sgn(sin(x))) + 5/32*log(-(cos(x) - 1)/(c

os(x) + 1))/sgn(sin(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

[ () e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(x)~2)"(7/2),x)
[Out] int((1/sin(x)"2)"(7/2), x)
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3.40 [ csc?(z)%? dx

Optimal. Leaf size=36

_3 sinh ™! (cot(z)) — gcot(a:) csc?(z) — icot(x) csc?(x)3/?

[Out] -3/8*arcsinh(cot (x))-1/4*cot(x)*(csc(x)~2)~(3/2)-3/8*cot(x)*(csc(x)~2)~(1/2
)

Rubi [A]
time = 0.01, antiderivative size = 36, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.375,

steps used = 4, number of rules used = 3, integrand size = 8
Rules used = {4207, 201, 221}

_411 cot(z) csc?(z)%/? — gcot(x) csc?(z) — gsinh_l(cot(x))

Antiderivative was successfully verified.
[In] Int[(Csc[x]~2)~(5/2),x]

[Out] (-3*%ArcSinh[Cot[x]])/8 - (3*Cot[x]*Sqrt[Csc[x]~2])/8 - (Cot[x]*(Csc[x]~2)~(
3/2))/4

Rule 201

Int[((a)) + (b_.)*(x))"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p

+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)"(p - 1), x], x] /; Free
Ql{a, b}, x] & IGtQ[n, 0] && GtQlp, O] && (IntegerQ[2+p] || (EqQn, 2] &&
IntegerQ[4*p]l) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator[p + 1/mn],
Denominator [p]])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 4207

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*xx~2)"(p - 1),
x], x, Tanle + fxx]/£ff], x]] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps
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/cscz(x)“r’/2 dz = —Subst (/ (1+ x2)3/2 dz, z, cot(x))
= —i cot(z) csc?(z)3/? — ZSubst (/ V1+2? dzx,zx, cot(w))
__3 cot(z)+/csc?(z) — 1cot(ac) csc?(z)%/? — §Subst /; dz, z, cot(z)
8 4 8 V14 22 Y

__3 sinh™!(cot(z)) — gcot(x) csc?(z) — }Lcot(x) csc?(x)3/?

Mathematica [A]
time = 0.28, size = 72, normalized size = 2.00

1 csc?(z) (—6 csc? (g) — csc? (g) + 24(— log (cos (g)) + log (sin (g))) + 6 sec? (g) + sec? (g)) sin(z)

64

Antiderivative was successfully verified.

[In] Integrate[(Csc[x]~2)~(5/2),x]

[Out] (Sqrt[Csc[x]~2]*(-6*%Csc[x/2]"2 - Csc[x/2]"4 + 24x(-Log[Cos[x/2]] + Logl[Sin[
x/2]]1) + 6xSec[x/2]°2 + Sec[x/2]"4)*Sin[x])/64

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 77 vs.

2(26) = 52.
time = 0.10, size = 78, normalized size = 2.17

method | result

1

(3(os*(0) 1~ 215" )+3(cor () —6(cor’ () (= 56257 ) s con(o1n =552 ) o) () /A

sin(z)

default (=
. e2iz iz diz 2im e2iw ix X e2ix iz .
) i _—(e2”—1)2 (3e8iz—11eti®—11 €261 3) 3 _—(e2”—1)2 In(e**+1) sin(z) 3 —W In(e**—1) sin(z)
risch — T — . + .

Verification of antiderivative is not currently implemented for this CAS.

[In] int((csc(x)~2)~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/16*(3*cos(x)~4*1n(-(cos(x)-1)/sin(x))+3*cos(x) "3-6*cos(x) "2*1n(-(cos(x)-1
)/sin(x))-5*cos(x)+3*1n(-(cos(x)-1)/sin(x)))*sin(x) *(-1/(cos(x)"2-1))"(5/2)
*4~(1/2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 869 vs.

2(26) = 52.
time = 0.56, size = 869, normalized size = 24.14
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(5/2),x, algorithm="maxima")

[Out] -1/16%(4*(3*cos(7*x) - 11xcos(5*x) - 1l*cos(3*x) + 3*cos(x))*cos(8*x) - 12%
(4xcos (6*x) - 6*cos(4*x) + 4xcos(2*x) - 1)*cos(7*x) + 16*x(11xcos(5*x) + 11%
cos(3*x) - 3*cos(x))*cos(6*x) - 44*(6*cos(4*x) - 4*xcos(2*x) + 1)*cos(5*x) -
24x (11*cos(3*x) - 3*cos(x))*cos(4*x) + 44*x(4*cos(2*x) - 1)*cos(3*x) - 48*c
0s(2*x)*cos(x) + 3*(2x(4*cos(6*x) - 6*cos(4*x) + 4xcos(2*x) - 1)*cos(8*x) -
cos(8*x) "2 + 8*(6*cos(4*xx) - 4*xcos(2xx) + 1)*cos(6*x) - 16*cos(6*x)"2 + 12
*(4xcos(2*x) - 1)*cos(4*x) - 36*cos(4*x)”2 - 16*cos(2*x)"2 + 4*x(2*sin(6*x)
- 3*sin(4*x) + 2*sin(2+*x))*sin(8*x) - sin(8*x)~2 + 16*(3*sin(4*x) - 2*sin(2
*x))*sin(6*x) - 16*sin(6*x)~2 - 36*sin(4*x) "2 + 48*sin(4#*x)*sin(2*x) - 16*s
in(2*x) "2 + 8xcos(2*x) - 1)*log(cos(x)~2 + sin(x)~2 + 2*cos(x) + 1) - 3*(2x
(4xcos(6*x) - 6*cos(4*x) + 4xcos(2*x) - 1)*cos(8*x) - cos(8*x)~2 + 8x(6*cos
(4%x) - 4xcos(2*x) + 1)*cos(6*x) - 16*cos(6*x)~2 + 12%(4*cos(2*x) - 1)*cos(
4xx) - 36*cos(4*x)"2 - 16*cos(2*x)"2 + 4% (2*xsin(6*x) - 3*sin(4#*x) + 2*sin(2
*x))*sin(8*x) - sin(8*x)~2 + 16*(3*sin(4*x) - 2*sin(2*x))*sin(6*x) - 16*sin
(6*x) "2 - 36*sin(4*x)"2 + 48*sin(4*x)*sin(2*x) - 16*sin(2*x)~2 + 8*cos(2*x)
- 1) *log(cos(x)"2 + sin(x)~"2 - 2*cos(x) + 1) + 4*(3*sin(7+*x) - 11*sin(5*x)
- 11*%sin(3*x) + 3*sin(x))*sin(8*x) - 24*(2*sin(6*x) - 3*sin(4*x) + 2*sin(2
*x) ) *sin(7*x) + 16*%(11*sin(5*x) + 11*sin(3*x) - 3*sin(x))*sin(6*x) - 88 (3%
sin(4*x) - 2*xsin(2*x))*sin(5*x) - 24*(11*sin(3*x) - 3*sin(x))*sin(4#*x) + 17
6*sin(3*x) *sin(2*x) - 48*sin(2*x)*sin(x) + 12*cos(x))/(2*%(4*cos(6*x) - 6*co
s(4*x) + 4*cos(2*x) - 1)*cos(8*x) - cos(8*x)~2 + 8x(6*cos(4*x) - 4*cos(2*x)
+ 1)*cos(6*x) - 16*cos(6*x)72 + 12*%(4*cos(2*x) - 1)*cos(4*x) - 36*cos(4*x)
~2 - 16*cos(2*x) "2 + 4x(2*xsin(6*x) - 3*sin(4*x) + 2*sin(2*x))*sin(8*x) - si
n(8*x)"2 + 16*%(3*sin(4*x) - 2*sin(2*x))*sin(6*x) - 16*sin(6*x)~2 - 36*sin(4
*x) "2 + 48*sin(4*x)*sin(2*x) - 16*sin(2*x)~2 + 8*cos(2*x) - 1)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 69 vs.
2(26) = 52.
time = 3.70, size = 69, normalized size = 1.92

6 cos (z)* — 3 (cos (z)* — 2 cos (z)* + 1)log (3 cos(z) + 3) + 3 (cos (z)* — 2 cos (z)* + 1)log (—3 cos (z) + 3) — 10 cos (z)
16 (cos (z)* — 2 cos (z)* + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(5/2),x, algorithm="fricas")

[Out] 1/16*(6*cos(x)~3 - 3*(cos(x)~4 - 2xcos(x)"2 + 1)*log(1l/2*cos(x) + 1/2) + 3%
(cos(x)"4 - 2*cos(x)~2 + 1)*log(-1/2*cos(x) + 1/2) - 10*cos(x))/(cos(x)"4 -
2xcos(x)72 + 1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (esc? (3L'))g dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)**2)*x(5/2),x)
[Out] Integral((csc(x)**2)*x(5/2), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 100 vs. 2(26)

52.
time = 0.46, size = 100, normalized size = 2.78

8 (cos(z)—1 18 (cos(z)—1)2 2 cos(z)—1
(cos (z) — 1)sgn(sin (z)) = (cos(z) — 1)2sgn(sin (z)) < ﬁos(fv))-l—l L - (3(05(55)11)2) - 1) (cos (z) + 1) N 3 log <—COSE,C;+1)
8 (cos (z) + 1) 64 (cos (z) +1)° 64 (cos (z) — 1)’sgn (sin (z)) 16sgn (sin (z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(5/2),x, algorithm="giac")

[Out] -1/8%(cos(x) - 1)*sgn(sin(x))/(cos(x) + 1) + 1/64*(cos(x) - 1) 2*sgn(sin(x)
)/(cos(x) + 1)72 + 1/64%(8x(cos(x) - 1)/(cos(x) + 1) - 18*(cos(x) - 1)72/(c
os(x) + 1)72 - 1)*(cos(x) + 1)72/((cos(x) - 1)"2*sgn(sin(x))) + 3/16%log(-(

cos(x) - 1)/(cos(x) + 1))/sgn(sin(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

[ () e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(x)~2)~(5/2),x)
[Out] int((1/sin(x)"2)"(5/2), x)
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3.41 [ csc?(z)%? dx

Optimal. Leaf size=22
1 1
~3 sinh™!(cot(z)) — 3 cot(z)+/csc?(z)

[Out] -1/2*arcsinh(cot (x))-1/2%cot(x)*(csc(x)~2)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 22, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.375,

steps used = 3, number of rules used = 3, integrand size = 8,
Rules used = {4207, 201, 221}

—% cot(z)/csc?(z) — % sinh ™! (cot(z))

Antiderivative was successfully verified.

[In] Int[(Csclx]"2)"(3/2),x]

[Out] -1/2%ArcSinh[Cot[x]] - (Cot[x]*Sqrt[Csc[x]~2])/2
Rule 201

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQln, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 4207

Int[((b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + bxff~2*xx~2)"(p - 1),
x], x, Tanle + fxx]/£ff], x]] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps
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/cscz(av)?’/2 dz = —Subst (/ V1+2? dz,zx, cot(x))

= —% cot(x)\/m — %Subst (/ ﬁ dr,w,cot(x))

= —% sinh™*(cot(z)) — % cot(x) \/csc?(x)

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 51 vs. 2(22) =

44.
time = 0.10, size = 51, normalized size = 2.32

é\/m (— csc? (g) — 4log (cos (g)) +4log (sin (g)) + sec? (g)) sin(x)

Antiderivative was successfully verified.

[In] Integrate[(Csc[x]~2)"(3/2),x]

[Out] (Sqrtl[Csc[x]~2]*(-Csc[x/2]"2 - 4xLogl[Cos[x/2]] + 4*Logl[Sin[x/2]] + Sec[x/2]

~2)*Sin[x])/8
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 51 vs.
2(16) = 32.
time = 0.08, size = 52, normalized size = 2.36

method | result siz

3
cos?(z)) In(— @)1 4 cog(z)—In (— <@ 1) ) gin(z) (——L— ) 24/4

default _(( () ( sin(z) ) (@) (4 sin(x) )) ()( cos?(m)—1> f 52

. i\/ _(e;ji—zl)z (e¥*+1) 2ie ; . 2iz ; .

risch - =T - —(esz—_l)g In (e** 4+ 1)sin (z) + _@22”——1)2 In(e** —1)sin(z) | 98

Verification of antiderivative is not currently implemented for this CAS.

[In] int((csc(x)~2)~(3/2),x,method=_RETURNVERBOSE)

[Out] -1/4*(cos(x)~2*1n(-(cos(x)-1)/sin(x))+cos(x)-1n(-(cos(x)-1)/sin(x)))*sin(x)

*(-1/(cos(x)72-1))7(3/2)*4~(1/2)
Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 300 vs.

2(16) = 32.
time = 0.56, size = 300, normalized size = 13.64
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(3/2),x, algorithm="maxima")

[Out] -1/4*%(4*(cos(3*x) + cos(x))*cos(4*x) — 4*(2*cos(2*x) - 1)*cos(3*x) - 8*cos(
2xx)*cos(x) + (2*x(2*cos(2*x) - 1)*cos(4*x) - cos(4*x)~2 - 4*cos(2*x)"2 - si
n(4*x) "2 + 4*sin(4*x)*sin(2*x) - 4*sin(2%x)~2 + 4*cos(2*x) - 1)*log(cos(x)”
2 + sin(x)72 + 2*cos(x) + 1) - (2%(2*cos(2*x) - 1)*cos(4*x) - cos(4x*x)~2 -
dxcos(2*x) "2 - sin(4+*x) "2 + 4*xsin(4*x)*sin(2*x) - 4*sin(2*x) "2 + 4*cos(2*x)

- 1)*log(cos(x)"2 + sin(x)~2 - 2xcos(x) + 1) + 4*(sin(3*x) + sin(x))*sin(4

*x) — 8*sin(3*x)*sin(2*x) - 8*sin(2*x)*sin(x) + 4*cos(x))/(2*x(2*xcos(2*x) -
1)*cos(4*x) - cos(4*x)"2 - 4*cos(2*x)"2 - sin(4+*x) "2 + 4*sin(4x*x)*sin(2*x)

- 4*xsin(2*x)”"2 + 4xcos(2*x) - 1)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 44 vs.
2(16) = 32.
time = 3.22, size = 44, normalized size = 2.00
(cos (z)* — 1) log (2 cos (z) + 1) — (cos (z)? — 1) log (=1 cos (z) + 1) — 2 cos(z)
4 (cos (z)? — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(3/2),x, algorithm="fricas")
[Out] -1/4%((cos(x)"2 - 1)*log(1/2xcos(x) + 1/2) - (cos(x)~2 - 1)*log(-1/2*cos(x)
+ 1/2) - 2¥cos(x))/(cos(x)72 - 1)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00
3
/ (csc® (z))? da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)**2)*x(3/2),x)
[Out] Integral((csc(x)**2)*x(3/2), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 69 vs. 2(16) = 32.
time = 0.44, size = 69, normalized size = 3.14
2 (cos(z)—1) cos(z)—1
( cos(@)+1 1) (cos(z) +1) log (_cos(z)+1> cos(z) — 1

8 (cos (x) — 1)sgn (sin (z)) 4sgn (sin(z))  8(cos(z)+ 1)sgn (sin (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(3/2),x, algorithm="giac")
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[Out] -1/8%(2x(cos(x) - 1)/(cos(x) + 1) - 1)*(cos(x) + 1)/((cos(x) - 1)*sgn(sin(x
))) + 1/4%1log(-(cos(x) - 1)/(cos(x) + 1))/sgn(sin(x)) - 1/8*(cos(x) - 1)/((

cos(x) + 1)*sgn(sin(x)))

Mupad [F]
time = 0.00, size =

-1, normalized size = -0.05

/ (sin tx)2 > " de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(x)~2)~(3/2),x)
[Out] int((1/sin(x)~2)"(3/2), x)
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3.42 [ v/ese(x) dzx

Optimal. Leaf size=5
— sinh™*(cot(z))

[Out] -arcsinh(cot(x))

Rubi [A]
time = 0.01, antiderivative size = 5, normalized size of antiderivative = 1.00, number of

number of rules _ 95
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 8,
Rules used = {4207, 221}

— sinh™*(cot(z))

Antiderivative was successfully verified.
[In] Int[Sqrt[Csc[x]~2],x]

[Out] -ArcSinh[Cot [x]]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 4207

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[b*(ff/f), Subst[Int[(b + b*ff~2xx"2)"(p - 1),
x], x, Tan[e + fxx]/£ff], x]1] /; FreeQ[{b, e, f, p}, x] & !IntegerQ[p]

Rubi steps

/ Vese?(z) dz = —Subst ( / ﬁdw,x,co’c(w))

= —sinh ™' (cot(z))

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 28 vs. 2(5) = 10.
time = 0.02, size = 28, normalized size = 5.60

Vese2(z) (— log <cos (g)) + log (sin (g))) sin(x)

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[Csc[x]~2],x]
[Out] Sqrt[Csc[x]~2]*(-Logl[Cos[x/2]] + Log[Sin[x/2]])*Sin[x]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 30 vs.
2(5) = 10.
time = 0.08, size = 31, normalized size = 6.20
method | result size
sin(z) In —Co:iffl_l oo (@) =1 1$ — \/‘T
default S >2 @1 31
risch -2, /—ﬁ In (€ + 1) sin (z) + 2 —% In (e — 1) sin (z) | 62

Verification of antiderivative is not currently implemented for this CAS.

[In] int((csc(x)~2)~(1/2),x,method=_RETURNVERBOSE)
[Out] 1/2*sin(x)*1n(-(cos(x)-1)/sin(x))*(-1/(cos(x)~2-1))~(1/2)*4~(1/2)
Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 35 vs.

2(5) = 10.
time = 0.54, size = 35, normalized size = 7.00

1 log (cos () + sin (z)* + 2 cos (z) + 1) + % log (cos (z)* + sin (z)* — 2 cos (z) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(1/2),x, algorithm="maxima")
[Out] -1/2%log(cos(x)”2 + sin(x)~2 + 2*xcos(x) + 1) + 1/2*log(cos(x)~2 + sin(x)"2

- 2%cos(x) + 1)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 19 vs. 2(5) = 10

time = 3.57, size = 19, normalized size = 3.80

110 1cos()+1 +110 —lcos:(ac)+1
2 B\ W T ) Ty 8\ Ty 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(1/2),x, algorithm="fricas")
[Out] -1/2%1log(1/2*cos(x) + 1/2) + 1/2xlog(-1/2*cos(x) + 1/2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/de
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)**2)*x(1/2),x)
[Out] Integral(sqrt(csc(x)**2), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 12 vs. 2(5) = 10.
time = 0.47, size = 12, normalized size = 2.40

log ([tan (5 )])
sgn (sin (z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((csc(x)~2)~(1/2),x, algorithm="giac")
[Out] log(abs(tan(1/2*x)))/sgn(sin(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.20

/”ﬁ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/sin(x)~2)"(1/2),x)
[Out] int((1/sin(x)"2)"(1/2), x)
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3.43 | @) dz

Optimal. Leaf size=12
cot(z)

csc?(x)

[Out] -cot(x)/(csc(x)"2)"(1/2)

Rubi [A]
time = 0.01, antiderivative size = 12, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 2, number of rules used = 2, integrand size = 8,
Rules used = {4207, 197}
cot(x)

csc?(z)

Antiderivative was successfully verified.
[In] Int[1/Sqrt([Csc[x]~2],x]

[Out] -(Cot[x]/Sqrt[Csc[x]~2])
Rule 197

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 4207

Int[((b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*xx~2)"(p - 1),
x], x, Tanle + f*xx]/£ff], x]] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps

/ _r dxz = —Subst ;3/2 dz, z, cot(z)
csc(z) (1+22)

cot(z)

v esc?(x)

Mathematica [A]
time = 0.01, size = 12, normalized size = 1.00

cot(z)

csc?(z)
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Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[Csc[x]~2],x]

[Out] -(Cot[x]/Sqrt[Csc[x]~2])
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 25 vs.

2(10) = 20.
time = 0.08, size = 26, normalized size = 2.17

method | result size
default Sinl@\/z 26
2\/—m (cos(z)—1)
risch | — L — L |67
G R A

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(csc(x)~2)~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/2*sin(x)/(-1/(cos(x)~2-1))"(1/2)/(cos(x)-1)*4~(1/2)
Maxima [A]

time = 0.50, size = 10, normalized size = 0.83

1
tan (z)* + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(1/2),x, algorithm="maxima")
[Out] -1/sqrt(tan(x)"2 + 1)

Fricas [A]
time = 3.83, size = 4, normalized size = 0.33

—cos ()
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(1/2),x, algorithm="fricas")

[Out] -cos(x)

Sympy [A]
time = 0.16, size = 12, normalized size = 1.00

cot ()

csc? (z)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)**2)**x(1/2),x)
[Out] -cot(x)/sqrt(csc(x)**2)
Giac [A]

time = 0.44, size = 11, normalized size = 0.92

— cos (z) sgn(sin (x)) + sgn(sin (z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(1/2),x, algorithm="giac")
[Out] -cos(x)*sgn(sin(x)) + sgn(sin(x))
Mupad [B]

time = 0.17, size = 12, normalized size = 1.00

sin (2 )

2 1\/sin (z)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(x)~2)"(1/2),x)
[Out] -sin(2*x)/(2*(sin(x)"2)"(1/2))
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3.44 [ —Slosdx

cse2(z)3/2
Optimal. Leaf size=29
cot(z) 2 cot(x)

_30302@)3/2 3 csc?(z)

[Out] -1/3*cot(x)/(csc(x)~2)~(3/2)-2/3*cot(x)/(csc(x)"2)"(1/2)
Rubi [A]

time = 0.01, antiderivative size = 29, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.375,

steps used = 3, number of rules used = 3, integrand size = 8,
Rules used = {4207, 198, 197}

2 cot(z) cot(z)

3 v esc(x) ~ 3osc(x)??

Antiderivative was successfully verified.

[In] Int[(Csclx]~2)~(-3/2),x]

[Out] -1/3%Cot[x]/(Csc[x]~2)~(3/2) - (2*Cot[x])/(3*Sqrt[Csc[x]~2])
Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] & EqQ[i/n + p + 1, 0]

Rule 198

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n)~(p +

1)/(a*nx(p + 1))), x] + Dist[(nx(p + 1) + 1)/(a*nx(p + 1)), Int[(a + b*x"n
)~(p + 1), x1, x] /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1],
0] && NeQ[p, -1]

Rule 4207

Int[((b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*xx~2)"(p - 1),
x], x, Tanle + fxx]/£ff], x]] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps



Mathematica [A]

time = 0.02, size =

1

W dz, x,cot(x))

1+z

2 1
e gSubst </ —(1 n x2)3/2 dz, x, cot(z))

_ cot(x)
3 csc?(x)

_ cot(z)  2cot(z)
3esc(z)32 3, /csc?(z)

23, normalized size = 0.79

(—9cos(z) + cos(3z)) csc(x)

12

Antiderivative was successfully verified.

[In] Integrate[(Csc[x]~2)~(-3/2),x]
[Out] ((-9%Cos[x] + Cos[3+*x])*Csc[x])/(12*Sqrt[Csc[x]~2])

csc?(z)
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Maple [A]
time = 0.08, size = 30, normalized size = 1.03
method | result -
default sin(z)(cos(z)—2) \/I . 8
6(cos(z)—1)? (—m) 2
risch ittt — 3ie?® _ 3i | o—2iz 1
24(e%®—1) \/_% 8\/—% (e2iz—1) 8(e2ir—1) \/— —?211 24(e2iz 1) \/ _ ez
(e?tz—1) (et —1) (e21z_1) (e27,z 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(csc(x)~2)"~(3/2),x,method=_RETURNVERBOSE)
[Out] 1/6%sin(x)*(cos(x)-2)/(cos(x)-1)"2/(-1/(cos(x)"2-1))"(3/2)*4~(1/2)

Maxima [A]
time = 0.54, size = 11, normalized size = 0.38

E COS

(3z) — Z cos ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(3/2),x, algorithm="maxima")



185

[Out] 1/12*cos(3*x) - 3/4*cos(x)

Fricas [A]
time = 2.86, size = 11, normalized size = 0.38

1 cos (z)® — cos (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(3/2),x, algorithm="fricas")
[Out] 1/3*cos(x)~3 - cos(x)

Sympy [A]
time = 0.30, size = 29, normalized size = 1.00

_ 2cot? (:c)3 __ cot (z)
3(csc? ()2  (csc2(x))

3
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)**2)**x(3/2),x)
[Out] -2*cot(x)**3/(3*(csc(x)**2)**x(3/2)) - cot(x)/(csc(x)**2)**x(3/2)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 44 vs. 2(21) = 42
time = 0.45, size = 44, normalized size = 1.52

4 (3 <cos<wc>(;(1;§inl<sin<x>> — sgn(sin (zc))) 4 .
. 3 + 3 sen(sin (@)
3 (cos(w)—l _ 1) 3

cos(z)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(3/2),x, algorithm="giac")
[Out] -4/3%(3*(cos(x) - 1)*sgn(sin(x))/(cos(x) + 1) - sgn(sin(x)))/((cos(x) - 1)/
(cos(x) + 1) - 1)°3 + 4/3*sgn(sin(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

I

sin(z)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(x)~2)~(3/2),x)
[Out] int(1/(1/sin(x)~2)"(3/2), x)



186
4 1
Optimal. Leaf size=43

__cot(x)  4dcot(z)  8cot(z)
5csc?(z)5/2 15cesc?(z)32 15, /csc?(x)

[Out] -1/5%cot(x)/(csc(x)~2)~(5/2)-4/15%cot (x)/(csc(x)~2)~(3/2)-8/15*cot (x)/(csc(
x)"2)°(1/2)

Rubi [A]
time = 0.01, antiderivative size = 43, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.375,
integrand size

steps used = 4, number of rules used = 3, integrand size = 8
Rules used = {4207, 198, 197}

8 cot(z) 4 cot(z) cot(x)

15+ /esc?(x)  15csc?(z)3/2  Bosc?(x)5/?

Antiderivative was successfully verified.
[In] Int[(Csc[x]~2)~(-5/2),x]

[Out] -1/5%Cot[x]/(Csc[x]1"2)~(5/2) - (4*Cot[x])/(15%(Csc[x]~2)~(3/2)) - (8*Cot[x]
)/ (15%Sqrt [Csc[x]~2])

Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 198

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n)~(p +

1)/(a*nx(p + 1))), x] + Dist[(nx(p + 1) + 1)/(a*nx(p + 1)), Int[(a + b*x"n
)~ (p + 1), x], x] /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1],
0] && NeQ[p, -1]

Rule 4207

Int[((b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*xx~2)"(p - 1),
x], x, Tanle + f*x]1/ff], x]1] /; FreeQ[{b, e, f, p}, x] & !IntegerQ[p]

Rubi steps



187

B _ 4cot(z) 8 cot(x)
5csc?(x)2 15csc?(x)? 154 /csc?(z)

Mathematica [A]
time = 0.03, size = 31, normalized size = 0.72

_ (150 cos(z) — 25 cos(3z) + 3 cos(5z)) csc(z)

2404/ csc?(z)

Antiderivative was successfully verified.

[In] Integrate[(Csc[x]~2)~(-5/2),x]
[Out] -1/240%((150%Cos[x] - 25%Cos[3*x] + 3%Cos[5*x])*Csc[x])/Sqrt[Csc[x]~2]

Maple [A]
time = 0.08, size = 38, normalized size = 0.88

method | result
in(x) (3 (cos2(z)) —9 8)v4
default sin(z) (3(cos?(x)) —9 cos(z)+ )!
30(cos(:c)—1)3(—ﬁiCOS (lm)—l>
rlSCh sz 2ix e = 2ix ' _2zz 2ix
160(62”” 1) \/— (ezfa: ) 16\/—W (e?®—1) 16(62”” 1) \/—(82;—_1)5 96(e2t—1) \/— e2fx—1:

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(csc(x)~2)~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/30*sin(x)*(3*cos(x)~2-9*cos(x)+8)/(cos(x)-1)"3/(-1/(cos(x)~2-1))"(5/2)*4~
(1/2)

Maxima [A]

time = 0.54, size = 17, normalized size = 0.40

1
~% cos (5x) +45_8 cos (3z) — g cos (z)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(5/2),x, algorithm="maxima")
[Out] -1/80*cos(5*x) + 5/48%cos(3*x) - 5/8*cos(x)

Fricas [A]
time = 3.69, size = 17, normalized size = 0.40
1 2
—g cos (z)° + 3 cos (z)® — cos (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(5/2),x, algorithm="fricas")
[Out] -1/5*cos(x)~5 + 2/3*cos(x)~3 - cos(x)

Sympy [A]
time = 1.51, size = 46, normalized size = 1.07

8cot® (z)  4cot® (z) cot (z)

15 (csc? (a:))% 3 (csc? (a:))% (csc? (ac))g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)**2)**x(5/2),x)
[Out] -8*cot(x)**5/(15*(csc(x)**2)**x(5/2)) - 4xcot (x)**3/(3*(csc(x)**2)**x(5/2)) -

cot (x)/(csc(x)**2)*x(5/2)

Giac [A]
time = 0.43, size = 61, normalized size = 1.42

5 (cos(x)—1)sgn(sin(z 10 (cos(z)—1)2sgn(sin(z .
1o (Sl pratine) _ el P _sgnun(a) gp
+ — sgn(sin (z))

o 5
cos(z)—1 15
15 (cos(m)+1 - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(5/2),x, algorithm="giac")
[Out] -16/15%(5*(cos(x) - 1)*sgn(sin(x))/(cos(x) + 1) - 10*(cos(x) - 1) 2*sgn(sin
(x))/(cos(x) + 1)72 - sgn(sin(x)))/((cos(x) - 1)/(cos(x) + 1) - 1)°5 + 16/1

5xsgn(sin(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

I

sin(z)?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(x)"2)"~(5/2),x)
[Out] int(1/(1/sin(x)~2)"(5/2), x)
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4 N S
3.46 f csc2(x)7/2 dz
Optimal. Leaf size=57

__cot(z)  6cot(z)  Beot(z)  16cot(z)
Tesc?(z)7/2 35csc?(x)¥2 35cscX(2)*? 35, /csc?(x)

[Out] -1/7*cot(x)/(csc(x)~2)~(7/2)-6/35*cot(x)/(csc(x)”2)~(5/2)-8/35%cot (x)/(csc(
x)~2)~(3/2)-16/35*cot (x)/(csc(x)~2)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.375,
integrand size

steps used = 5, number of rules used = 3, integrand size = 8
Rules used = {4207, 198, 197}

_ 16cot(z)  8cot(z)  6cot(z)  cot(z)
35,/csc?(z)  35csci(z)*?  35csc?(x)5/2 Tesc?(x)"/?

Antiderivative was successfully verified.
[In] Int[(Csc[x]~2)~(-7/2),x]

[Out] -1/7%Cot[x]/(Csc[x]1~2)~(7/2) - (6%Cot[x])/(35%(Csc[x]~2)~(5/2)) - (8*Cot[x]
)/ (35%(Csc[x]172)7(3/2)) - (16xCot[x])/(35%Sqrt [Csc[x]~2])

Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 198

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n)~(p +

1)/(a*nx(p + 1))), x] + Dist[(nx(p + 1) + 1)/(a*nx(p + 1)), Int[(a + b*x"n
)~ (p + 1), x], x] /; FreeQ[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1],
0] && NeQ[p, -1]

Rule 4207

Int[((b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*xx~2)"(p - 1),
x], x, Tanle + f*x]1/ff], x]1] /; FreeQ[{b, e, f, p}, x] & !IntegerQ[p]

Rubi steps
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+x
cot(z 6 cot(z) 8 cot(z) 6 / 1
_ . ~ Subst| [ —— dz,z,cot
Tesc2(z)7/2 35c¢sc2(z)5/2 35csc(x)32 35 uos (14 z2)3/? %, @, cot(z)

6 cot(z) 8 cot(x) 16 cot(x)

 35esc?(2)3? 35 csc?(z)

~
o
9]
@]
o
8
-~
S~
)
w
ot
o
9]
o
o
~~
8
N—r
ot
S~
NS

Mathematica [A]
time = 0.05, size = 37, normalized size = 0.65

(—1225 cos(z) + 245 cos(3x) — 49 cos(5z) + 5 cos(7x)) csc(x)

22404/ csc?(z)

Antiderivative was successfully verified.

[In] Integrate[(Csc[x]~2)~(-7/2),x]

[Out] ((-1225%Cos[x] + 245*Cos[3*x] - 49*Cos[5*x] + 5*Cos[7*x])*Csc[x])/(2240*Sqr
t[Csc[x]~2])

Maple [A]
time = 0.08, size = 44, normalized size = 0.77

method | result
sin(z) (5(cos®(z)) —20(cos?(z) ) +29 cos(z)—16) \/‘T

4 3
70(cos(z)—1) (—0082(12) 1)

default

35ie2t® 354 + Tie—2i®

riSCh 24 esz 2 2 2 e2iz ' 2 e2iz
896(e2i*—1) (e2”” )2 128 ( 2m 1)2 (e iz 1) 128(e2iz—1) m 128(e2iz—1) _(eQT—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(csc(x)~2)~(7/2),x,method=_RETURNVERBOSE)

[Out] 1/70%sin(x)*(5%cos(x) ~3-20*cos(x) ~2+29*cos(x)-16)/(cos(x)-1)"4/(-1/(cos(x)"~
2-1))"(7/2)*%4~(1/2)
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Maxima [A]

time = 0.56, size = 23, normalized size = 0.40
1 cos (7z) — T cos (bzx) + 7 cos (3z) — — cos (z)
448 320 64 64

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(7/2),x, algorithm="maxima")
[Out] 1/448%cos(7*x) - 7/320*cos(5*x) + 7/64*cos(3*x) - 35/64*cos(x)

Fricas [A]
time = 4.68, size = 21, normalized size = 0.37

; cos (z)" — g cos (z)® + cos (z)® — cos ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(7/2),x, algorithm="fricas")
[Out] 1/7*cos(x)~7 - 3/5%cos(x)”5 + cos(x)~3 - cos(x)

Sympy [A]
time = 11.92, size = 61, normalized size = 1.07
_ 16cot’(z)  8cot’(z)  2cot’(z)  cot(x)
35 (csc? (x))% 5 (csc? (x))% (csc? (m))% (csc? (x))%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)**2)*x(7/2),x)

[Out] -16*cot(x)**7/(35*(csc(x)**2)**(7/2)) - 8*cot (x)**5/(5*(csc(x)**2)**(7/2))
- 2%cot (x)**3/ (csc(x)**x2)*x(7/2) - cot(x)/(csc(x)**x2)xx(7/2)

Giac [A]
time = 0.47, size = 78, normalized size = 1.37

7 (cos(xz)—1)sgn(sin(z)) 21 (cos(z)—1)2sgn(sin(z)) 35 (cos(z)—1)3sgn(sin(z)) .
32 (e ppemontel _ 2ol e banonle) —sen(sin (o)) gy
- = + — sgn(sin (z))
35 cos(x)—1 1 35
cos(z)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(csc(x)~2)~(7/2),x, algorithm="giac")

[Out] -32/35%(7*(cos(x) - 1)*sgn(sin(x))/(cos(x) + 1) - 21*(cos(x) - 1) 2*sgn(sin
(x))/(cos(x) + 1)72 + 35x(cos(x) - 1)"3*sgn(sin(x))/(cos(x) + 1)°3 - sgn(si
n(x)))/((cos(x) - 1)/(cos(x) + 1) - 1)°7 + 32/35*sgn(sin(x))



Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

I

sin(z)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1/sin(x)~2)"(7/2),x)
[Out] int(1/(1/sin(x)~2)"(7/2), x)
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3.47 [ (a csc(z))"? dw

Optimal. Leaf size=84

_ 2 472 taph ! (M) —%a?’ cot(x)\/acsc?(z) —%cﬁ cot(z) (acsc? (x))3/2—éa cot(z) (acsc®(z),

16 a csc?(x)

[Out] -5/16%a~(7/2)*arctanh(cot(x)*a”~(1/2)/(a*xcsc(x)~2)"(1/2))-5/24*%a"2*xcot (x)*(a
xcsc(x)~2)~(3/2)-1/6%a*xcot (x)*(a*csc(x)~2) ~(5/2)-5/16%a"~3*cot (x)*(a*csc(x)”
2)°(1/2)

Rubi [A]
time = 0.03, antiderivative size = 84, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.400,

steps used = 6, number of rules used = 4, integrand size = 10
Rules used = {4207, 201, 223, 212}

E 7/2 -1 \/cTcot(x) 3 3 2 3 2 2 3/2 1 2 5/2
6% tanh Ty = (2) 169 cot(z)+/a csc?(x) 51% cot(z) (acsc®(z)) 6acot(1:) (acsc*(z))

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~2)~(7/2),x]

[Out] (-5%a~(7/2)*ArcTanh[(Sqrt[a]*Cot[x])/Sqrt[a*Csc[x]~2]1])/16 - (5*a~3*Cot[x]*
Sqrt[a*Csc[x]~2])/16 - (5xa~2*Cot [x]*(a*Csc[x]~2)~(3/2))/24 - (axCot[x]*(ax
Csc[x]72)7(5/2))/6

Rule 201

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] & (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

Rule 223
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],

x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, 0]

Rule 4207
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Int[((b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*x~2)"(p - 1),
x], x, Tanle + f*x]1/ff], x]] /; FreeQ[{b, e, f, p}, x] & !IntegerQ[p]

Rubi steps

/ (acsc®(z))”? do = — (aSubst ( / (a+ az?)*? da:,z,cot(x)))
- —éacot(z) (acsc®(z))™? ~ é(w) Subst ( / (a+az?)? da, z, cot(w))

_ 0 cot(z) (a cscz(gv))?’/2 - %a cot(z) (a csc2(513))5/2 - é(5a3) Subst (/ Va+ az

24
5 3 2 5 2 32 1 2 5/2
= ~16% cot(z)/acsc?(z) — 212 cot(z) (acsc®(z))™" — Eacot(z) (acsc®(z))”" —
5 3 5 4 2 32 1 2 5/2
= —1g¢ cot(z)\/acsc?(z) — 222 cot(z) (acsc®(z))”" — g% cot(z) (acsc®(z))”" —
= —ia”2 tanh ™" M - ia3 cot(z)/acsc?(z) — 3a2 cot(z) (acsc®(z,

Mathematica [A]
time = 0.36, size = 61, normalized size = 0.73

a3 esc®(z) \/acsc?(z) (—396 cos(z) + 170 cos(3z) — 30 cos(5z) + 480 (— log (cos (£)) + log (sin (2))) sin®(z))
1536

Antiderivative was successfully verified.

[In] Integrate[(a*Csc[x]~2)~(7/2),x]
[Out] (a~3#Csc[x]~5*Sqrt[a*Csc[x]~2]*(-396*Cos[x] + 170*Cos[3*x] - 30%Cos[5*x] +
480* (-Log[Cos[x/2]] + Log[Sin[x/2]])*Sin[x]~6))/1536

Maple [A]
time = 0.12, size = 102, normalized size = 1.21

method | result

(15 (cosS(z)) In (— M) +15(cos®(z)) —45(cos*(z)) In (— %) —40(cos®(z))+45(cos?(z)) In (— %) +33 cos(z)—1

sin(x)

default | — %

21 . . . . . 2iz .
E _”;)2 (150105850547 4108 Or 11980447 85622 115) 5o’ [ —(Z 1z In(e41) sin(@)  5a® \/
risch — 24 1) — 3 +

1:(13 —
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*csc(x)~2)~(7/2),x,method=_RETURNVERBOSE)

[Out] -1/96%*(15*%cos(x) “6*1n(-(cos(x)-1)/sin(x))+15*cos(x) ~5-45*%cos(x) ~4*1n(-(cos(
x)-1)/sin(x))-40*cos (x) ~3+45*cos (x) "2*1n(-(cos(x)-1)/sin(x))+33*cos (x)-15*1
n(-(cos(x)-1)/sin(x)))*sin(x)*(-1/(cos(x)"2-1)*a) ~(7/2) %4~ (1/2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 2183 vs.
2(64) = 128.
time = 4.49, size = 2183, normalized size = 25.99

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(7/2),x, algorithm="maxima")

[Out] 1/48%(1020*a”~3*cos(3*x)*sin(2*x) - 180*a~3*cos(x)*sin(2*x) + 180*a"3*cos(2x*
x)*sin(x) - 30*%a~3*sin(x) + 156%(a”~3*cos(12*x)~2 + 36*a”3*cos(10*x)~2 + 225%
a~3*cos(8*x) "2 + 400*a~3*cos(6*x) "2 + 225*%a~3*cos(4*x) "2 + 36*a”3*cos(2*xx)”
2 + a”3*sin(12*x) "2 + 36*a~3*sin(10*x) "2 + 225*a~3*sin(8*x) "2 + 400*a~3*sin
(6*x) "2 + 225*a”3*sin(4*x)”2 - 180*a”~3*sin(4*x)*sin(2*x) + 36*a”3*sin(2*x)”~
2 - 12*xa”3*cos(2*x) + a~3 - 2x(6*a”3*cos(10*x) - 15*xa”3*cos(8*x) + 20*a~3*c
0s(6*x) - 15%a~3*cos(4*x) + 6*xa”~3*cos(2*x) - a~3)*cos(12*x) - 12x(15*a~3*co
s(8*x) - 20*a"3*cos(6*x) + 15%a~3*cos(4*x) - 6%a~3*cos(2*x) + a~3)*cos(10*x
) - 30%(20*a”~3*cos(6*x) - 15*¥a”3*cos(4*x) + 6*a”3*cos(2*x) - a~3)*cos(8*x)
- 40*(15*%a"3*cos(4*x) - 6*a~3*cos(2*x) + a~3)*cos(6*x) - 30*(6*a”~3*cos(2*x)
- a~3)*cos(4*x) - 2*(6*a~3*sin(10*x) - 15*%a"3*sin(8*x) + 20*a~3*sin(6#*x) -
15%a~3*sin(4*x) + 6*a~3*sin(2+*x))*sin(12*x) - 12*x(15*%a~3*sin(8*x) - 20*a~3
*sin(6*x) + 15*xa”~3*sin(4*x) - 6*a~3*sin(2*x))*sin(10*x) - 30*(20*a~3*sin(6x*
X) - 15%a”3*sin(4x*x) + 6*a”3*sin(2*x))*sin(8*x) - 120*(5*a~3*sin(4*x) - 2xa
~3*sin(2*x))*sin(6*x))*arctan2(sin(x), cos(x) + 1) - 15%(a~3*cos(12%x)~2 +
36*a~3*cos (10*x) "2 + 225%a~3*cos(8*x) "2 + 400*a~3*cos(6*x) "2 + 225*%a~3*cos(
4%x)"2 + 36*%a”3*cos(2*x) "2 + a~3*sin(12*x)”"2 + 36*a~3*sin(10*x) "2 + 225*%a"3
*8in(8*x) "2 + 400*a~3+*sin(6*x) "2 + 225*xa~3*sin(4*x)~2 - 180*a”~3*sin(4*x)*si
n(2*x) + 36*a~3*sin(2*x)~2 - 12*a”3*cos(2*x) + a~3 - 2*(6*a~3*cos(10*x) - 1
5*%a~3*cos(8*x) + 20*a~3*cos(6*x) - 15%a~3*cos(4*x) + 6*xa”~3*cos(2*x) - a~3)*
cos(12*x) - 12x(15*%a~3*cos(8*x) - 20*a”~3*cos(6*x) + 15*%a~3*cos(4*x) - 6*a”3
*cos(2*x) + a~3)*cos(10*x) - 30%(20*a~3*cos(6*x) - 15*%a”3*cos(4*x) + 6*a~3x%
cos(2*%x) - a~3)*cos(8*x) - 40*(15*a~3*cos(4*x) - 6*a”~3*cos(2*x) + a~3)*cos(
6*x) — 30*(6*a~3*cos(2*x) - a~3)*cos(4*x) - 2*(6*a~3*sin(10*x) - 15*%a~3*sin
(8*x) + 20*a~3*sin(6*x) - 15*a~3*sin(4+*x) + 6*a~3*sin(2*x))*sin(12*x) - 12%
(15%a~3*sin(8*x) - 20*a~3*sin(6*x) + 15*%a”3*sin(4*x) - 6*a~3*sin(2*x))*sin(
10*x) - 30*(20*a~3*sin(6*x) - 15*a”3*sin(4*x) + 6*a~3*sin(2*x))*sin(8*x) -
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120* (5%a~3*sin(4*x) - 2*a”~3*xsin(2*x))*sin(6%*x))*arctan2(sin(x), cos(x) - 1)
- 2x(15*%a"3*sin(11*x) - 85*a”~3*sin(9*x) + 198*a~3*sin(7*x) + 198*a~3*sin(5
*x) - 85*%a~3*sin(3*x) + 15*a”3*sin(x))*cos(12*x) - 30*(6*a”~3*sin(10*x) - 15
*a"3*sin(8*x) + 20*a~3*sin(6*x) - 15*a~3*sin(4*x) + 6*a~3*sin(2*x))*cos(11x*
X) — 12x(85%a~3*sin(9*x) - 198*a~3*sin(7*x) - 198*a~3*sin(5*x) + 85%a”~3*sin
(3*x) - 15*a~3*sin(x))*cos(10*x) - 170*(15*%a~3*sin(8*x) - 20*a”3*sin(6*x) +
15*%a~3*sin(4*x) - 6*a~3*sin(2#*x))*cos(9*x) - 30*(198*a~3*sin(7*x) + 198*a”
3*sin(5*x) - 85*a~3*sin(3*x) + 15*%a~3*sin(x))*cos(8*x) - 396#*(20*a”~3*sin (6%
X) - 15*a”~3*sin(4*x) + 6*a~3*sin(2*x))*cos(7*x) + 40%(198*a~3*sin(5*x) - 85
*a"3*sin(3*x) + 15*%a~3*sin(x))*cos(6*x) + 1188*(5*a~3*sin(4*x) - 2*a~3*sin(
2%x))*cos(5*x) + 150*%(17*a~3*sin(3*x) - 3*a”3*sin(x))*cos(4*x) + 2*(15%a~3x*
cos(11*x) - 85*a”~3*cos(9*x) + 198*a~3*cos(7+*x) + 198*a~3*cos(5*xx) - 85%a~3x%
cos(3*x) + 15xa~3*cos(x))*sin(12*x) + 30*(6*a~3*cos(10*x) - 15*xa”~3*cos(8*x)
+ 20*%a”~3*cos(6*x) - 15*a~3*cos(4*x) + 6*a~3*xcos(2*x) - a~3)*sin(11x*x) + 12
*(85*%a~3*cos (9*x) - 198*a~3*cos(7*x) - 198*a~3*cos(5*x) + 85*a~3*cos(3*x) -
15*%a~3*cos(x) ) *sin(10*x) + 170*(15*a~3*cos(8*x) — 20*a~3*cos(6*x) + 15*a~3
*cos (4*x) - 6*xa”~3*cos(2*x) + a”3)*sin(9*x) + 30*(198*a~3*cos(7*x) + 198*a~3
*cos (b*x) - 85*a”~3*cos(3*x) + 15%a~3*cos(x))*sin(8*x) + 396*(20*a~3*cos (6*x
) - 15%a~3*cos(4*x) + 6*%a”~3*cos(2*x) - a~3)*sin(7*x) - 40*(198*a~3*cos(5%*x)
- 85%a~3%cos(3*x) + 15%a~3*cos(x))*sin(6*x) - 396*(15%a~3%cos(4*x) - 6%a~3
*cos (2*x) + a~3)*sin(5*x) - 150*(17*a~3*cos(3*x) - 3*a~3*cos(x))*sin(4*x) -
170% (6*a~3*cos(2*x) - a~3)*sin(3*x))*sqrt(-a)/(2*x(6*cos(10*x) - 15*cos(8+*x
) + 20*cos(6*x) - 15*cos(4*x) + 6xcos(2*x) - 1)*cos(12*x) - cos(12*x)"2 + 1
2% (15*cos (8*x) - 20*cos(6*x) + 15%cos(4*x) - 6*cos(2*x) + 1)*cos(10*x) - 36
*cos (10*x) "2 + 30*%(20*cos(6*x) - 15*cos(4*x) + 6*cos(2*x) - 1)*cos(8*x) - 2
25%cos (8*x) "2 + 40*(15%cos(4*x) - 6%cos(2*x) + 1)*cos(6*x) - 400*cos(6*x) "2
+ 30%(6*cos(2*x) - 1)*cos(4*x) - 225%cos(4*x)”2 - 36*cos(2*x)"2 + 2% (6*sin
(10*x) - 15*sin(8*x) + 20*sin(6*x) - 15*%sin(4*x) + 6*sin(2*x))*sin(12*x) -
sin(12*x) "2 + 12*(15*%sin(8*x) - 20*sin(6*x) + 15*sin(4*x) - 6*sin(2#*x))*sin
(10*x) - 36*sin(10*x)"2 + 30*(20*sin(6*x) - 15*sin(4*x) + 6*sin(2+*x))*sin(8
*x) - 225*%sin(8*x)~2 + 120*(5*sin(4#*x) - 2*sin(2*x))*sin(6*x) - 400*sin(6*x
)72 - 225xsin(4*x) "2 + 180*sin(4*x)*sin(2*x) - 36*sin(2*x)"2 + 12*cos(2*x)
- 1)
Fricas [A]
time = 4.08, size = 106, normalized size = 1.26

a
z)’ -1

<30 a® cos (z)® — 80 a® cos (x)* + 66 a® cos () + 15 (a® cos (z)® — 3 a® cos (x)* + 3a? cos (z)° — a?) log (—zzzgg;})) N (
cos

96 (cos (z)* — 2 cos (z)* + 1) sin (z)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(7/2),x, algorithm="fricas")

[Out] -1/96%(30*a~3*cos(x)~5 - 80*a~3*cos(x)~3 + 66*a~3*cos(x) + 15x(a~3*cos(x)”"6
- 3*a~3xcos(x) "4 + 3*a~3*cos(x)”2 - a~3)*log(-(cos(x) - 1)/(cos(x) + 1)))*
sqrt(-a/(cos(x)"2 - 1))/((cos(x)"4 - 2*cos(x)”2 + 1)*sin(x))
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Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcsc(x)**2)**x(7/2),x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3060 deep

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 164 vs. 2(64) =

128.
time = 0.50, size = 164, normalized size = 1.95

) 1)
os (z) +1)° * (cos (z) — 1)°

cos () — 1 450 (cos (z) — )sgn(sin (z)) | 9a’(cos (z) — 1)’sgn(sin (z))  a*(cos (x
(e

L — sentsin (@) (ugsgn(sm (s)) - Leolak ot | 5o Pt _ 10t 1 ‘;g..(q.w)(cus @1y
381 | 0 o8 (’cos(z)ﬂ sgn(sin (z)) — Cos (@) + 1 + (cos (@) + 1)

V@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(7/2),x, algorithm="giac")

[Out] 1/384*(60*a~3xlog(-(cos(x) - 1)/(cos(x) + 1))*sgn(sin(x)) - 45*a”3x*(cos(x)
- 1)*sgn(sin(x))/(cos(x) + 1) + 9xa~3*(cos(x) - 1) 2*sgn(sin(x))/(cos(x) +

1)72 - a”3*(cos(x) - 1)~ 3*sgn(sin(x))/(cos(x) + 1)73 + (a~3*sgn(sin(x)) - 9
*a~3*(cos(x) - 1)*sgn(sin(x))/(cos(x) + 1) + 45*%a~3x(cos(x) - 1)~ 2*sgn(sin(
x))/(cos(x) + 1)72 - 110*%a"3*(cos(x) - 1)~ 3*sgn(sin(x))/(cos(x) + 1)73)*(co
s(x) + 1)73/(cos(x) - 1)73)*sqrt(a)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (sinc(bx)2>7/2 de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~2)"(7/2),x)
[Out] int((a/sin(x)~2)"(7/2), x)
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3.48 [ (a csc2(z))*? da

Optimal. Leaf size=65

—ga5/2 tanh™" <M> - §a2 cot(z)/acsc?(z) — iacot(a:) (a cscz(av))g/2

a csc?(x) 8

[Out] -3/8*a~(5/2)*arctanh(cot(x)*a”~(1/2)/(axcsc(x)"2)~(1/2))-1/4*axcot (x)*(a*xcsc
(x)"2)"(3/2)-3/8*%a"2*xcot (x)*(a*xcsc(x)"2)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.400,

steps used = 5, number of rules used = 4, integrand size = 10
Rules used = {4207, 201, 223, 212}

t 1
34572 tanh~! Va cot(z) ) _ 3 g2 cot(z)/acsc?(z) — ~acot(z) (acsc®(z)) 32
8 acsc?(x) 8 4

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~2)~(5/2),x]

[Out] (-3*a”(5/2)*ArcTanh[(Sqrt[a]*Cot[x])/Sqrt[a*Csc[x]~2]])/8 - (3*a~2*Cot [x]*S
qrt[axCsc[x]~2])/8 - (axCot[x]*(axCsc[x]~2)~(3/2))/4
Rule 201

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] & IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]l])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 223
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, 0]

Rule 4207
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Int[((b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*xx~2)"(p - 1),
x], x, Tanle + f*x]1/ff], x]] /; FreeQ[{b, e, f, p}, x] & !IntegerQ[p]

Rubi steps

/ (acsc®(z))”” do = — (aSubst ( / (a+ az?)®? da:,z,cot(x)))

= —}lacot(z) (a csc2(ac))3/2 - }1(30,2) Subst (/ Va+ax? dz,z, cot(x))

J

1
3a® Sbt(/—d
(a)us va+ ax?

(30,3) Subst (/ 1_;&7;2 dz,x

Y -1 \/CTCOt(w) 3 5 D) 1 2 3/2
= _§a/ tanh (W) — gt cot(z)\/acsc?(x) — Zacot(x) (acsc®(z))

- —§a2 cot(z)/acsc?(z) — }la cot(x) (a CSCQ(CL‘))3/2 -

1
_ _ga2 cot(x)\/acsc?(z) — Zacot(x) (a CSCQ(I))3/2 —

| — Co|

Mathematica [A]
time = 0.24, size = 51, normalized size = 0.78

614(a csc2(a:))5/2 sin(z) (—22 cos(z) + 6(cos(3x) + 4(— log (cos (g)) + log (sin (%) )) sin4(a:)>)

Antiderivative was successfully verified.

[In] Integrate[(axCsc[x]~2)~(5/2),x]

[Out] ((a*Csc[x]~2)~(5/2)*Sin[x]*(-22%Cos[x] + 6*(Cos[3*x] + 4x(-Logl[Cos[x/2]] +
Log[Sin[x/2]])*Sin[x]"4)))/64

Maple [A]
time = 0.10, size = 79, normalized size = 1.22

method | result

(3 (cos(z)) In (_ M) +3(cos®(z)) —6(cos?(z)) In (— %) —5cos(z)+31n (— %)) sin(z) (— m)

sin(x)

4
default 16 Ve

217 . . . 21 . 21 .
ia?, [ — %g (3 ebiz_11 ediz_1] e2i® +3) 3a2,/— %g In (e”” —1) sin(z) 3a2, [/ — ﬁg In (e”” +1) s
v + v

4(e2iv—1)3 o

Njon

risch — 1 1

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a*csc(x)~2)~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/16%(3*cos(x) ~4*1n(-(cos(x)-1)/sin(x))+3*cos(x) "3-6*cos(x) ~2*x1n(-(cos(x)-1
)/sin(x))-5*cos(x)+3*x1n(-(cos(x)-1)/sin(x)))*sin(x) *(-1/(cos(x)~2-1)*a)~(5/
2)x4~(1/2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 1113 vs.
2(49) = 98.
time = 0.86, size = 1113, normalized size = 17.12

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(5/2),x, algorithm="maxima")

[Out] 1/8*(88*a~2*cos(3*x)*sin(2*x) - 24*a~2*cos(x)*sin(2*x) + 24*a”~2*cos(2*x)*si
n(x) - 6*xa~2xsin(x) + 3*(a"2*cos(8*x)~2 + 16*a~2*cos(6*x) "2 + 36*a~2xcos (4%
X)72 + 16*a”2*cos(2*x)”2 + a"2*xsin(8*x)"2 + 16*a”2*sin(6*x)~2 + 36*a~2*sin(
4%x)"2 - 48*a"2*sin(4*x)*sin(2*x) + 16*a~2*xsin(2*x)~2 - 8*a~2*cos(2*x) + a”
2 - 2x(4*a"2*cos(6*x) - 6*a~2xcos(4*x) + 4*xa”2*cos(2*x) - a~2)*cos(8*x) - 8
*(6*xa”~2*%cos (4*x) - 4*a~2xcos(2*x) + a~2)*cos(6*x) - 12*%(4*a~2xcos(2*x) - a~
2)*cos(4*x) - 4x(2*xa"2*sin(6*x) - 3*a~2*xsin(4*x) + 2*xa”~2*sin(2*x))*sin(8*x)
- 16*%(3*a"2*sin(4*x) - 2*a~2*sin(2+*x))*sin(6*x))*arctan2(sin(x), cos(x) +
1) - 3*%(a"2*cos(8*x)"2 + 16*a~2xcos(6*x) "2 + 36%a”2xcos(4*x) "2 + 16*a”2*cos
(2%x)"2 + a"2*sin(8*x) "2 + 16*a~2xsin(6%*x) "2 + 36*a~2*sin(4*x) "2 - 48*a~2*s
in(4*x)*sin(2*x) + 16*a~2*sin(2*x)~2 - 8*a~2xcos(2*x) + a~2 - 2*(4*a~2*xcos(
6%x) — 6%a”2%cos(4*xx) + 4*a~2xcos(2*x) - a”~2)*cos(8*x) - 8*(6*a~2*xcos(4*x)
- 4*a~2*%cos(2*x) + a~2)*cos(6*x) - 12*%(4*a”2*xcos(2*x) - a~2)*cos(4*x) - 4x*(
2%a~2xsin(6*x) - 3*a”~2*sin(4*x) + 2*a~2*sin(2*x))*sin(8*x) - 16*(3*a”2*sin(
4xx) - 2xa~2%sin(2*x))*sin(6*x))*arctan2(sin(x), cos(x) - 1) - 2%(3*a~2*sin
(7xx) - 11xa"2*sin(5*x) - 11*a"2*sin(3*x) + 3*a~2*sin(x))*cos(8*x) - 12x(2x*
a~2xsin(6*x) - 3*a~2*sin(4*x) + 2*a"2*sin(2*x))*cos(7*x) - 8*(11xa”~2*sin(5*
X) + 11*%a”2*sin(3*x) - 3*a"2*sin(x))*cos(6*x) - 44*(3*a”2*sin(4*x) - 2*a~2x*
sin(2#*x))*cos(b*x) + 12*x(11*a~2*sin(3*x) - 3*a”~2*sin(x))*cos(4*x) + 2*(3*a”
2xcos (7*x) - 11*a~2*cos(b*x) - 11%xa”2xcos(3*x) + 3*a~2*cos(x))*sin(8*x) + 6
*(4xa~2%cos(6*x) - 6*a~2xcos(4*x) + 4*xa”~2*cos(2*x) - a”2)*sin(7*x) + 8*x(11x*
a~2xcos(5*x) + 11*xa”~2*cos(3*x) - 3*a~2xcos(x))*sin(6*x) + 22*(6*a”2*cos(4*x
) - 4*a"2xcos(2*x) + a~2)*sin(5*x) - 12*%(11*a~2*cos(3*x) - 3*a"~2*cos(x))*si
n(4*x) - 22x(4*a~2xcos(2*x) - a~2)*sin(3%*x))*sqrt(-a)/(2*x(4*cos(6*x) - 6%*co
s(4*xx) + 4*cos(2*x) - 1)*cos(8*x) - cos(8*x)~2 + 8x(6*cos(4*x) — 4*cos(2*x)
+ 1)*cos(6*x) - 16*cos(6*x)"2 + 12*%(4*cos(2*x) - 1)*cos(4*x) - 36*cos(4*x)
2 - 16%cos(2*x)"2 + 4% (2*xsin(6*x) - 3*sin(4#*x) + 2*sin(2#*x))*sin(8*x) - si
n(8*x)"2 + 16*%(3*sin(4*x) - 2*sin(2*x))*sin(6*x) - 16*sin(6*x) "2 - 36*sin(4
*x) "2 + 48+*sin(4*x)*sin(2*x) - 16*sin(2*x)~2 + 8xcos(2*x) - 1)

Fricas [A]
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time = 4.01, size = 80, normalized size = 1.23

9 3 2 2 4 2 2 2 __cos(z)—1 _ a
(6 a? cos (z)° — 10 a® cos (z) + 3 (a® cos (z)* — 2a® cos (z)* + a?) log ( cos(ac)+1>> cos (z)* — 1

16 (cos (z)* — 1) sin (z)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(5/2),x, algorithm="fricas")

[Out] -1/16%(6*%a"2*cos(x)~3 - 10*a~2*cos(x) + 3*(a"2*cos(x)~4 - 2*xa~2*cos(x)"2 +
a~2)*log(-(cos(x) - 1)/(cos(x) + 1)))*sqrt(-a/(cos(x)"2 - 1))/((cos(x)"2 -

1)*sin(x))
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
/ (acsc? (av))g dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcsc(x)**2)**x(5/2),x)
[Out] Integral((axcsc(x)**2)**x(5/2), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 124 vs. 2(49) =

98.
time = 0.44, size = 124, normalized size = 1.91

P . 8a?(cos(z)—1)sgn(sin(z)) 1842 (cos(z)—1)’sgn(sin(x)) 2
1 2 cos(z) —1 . 8a2(cos () — 1)sgn(sin (z))  a?(cos (z) — 1)’sgn(sin (z)) (azsgn(sm (z)) — === 25(1)+1 +54 Co(ir::(z)ﬂ)’ )(COS (z)+1)
— | 12a°log | —— sgn(sin (z)) — + 5 - 5
64 cos (z) + 1 cos(z) +1 (cos (z) +1) (cos (z) — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(5/2),x, algorithm="giac")

[Out] 1/64x%(12*a~2x1log(-(cos(x) - 1)/(cos(x) + 1))*sgn(sin(x)) - 8*a~2*x(cos(x) -
1)*sgn(sin(x))/(cos(x) + 1) + a"2x(cos(x) - 1)"2xsgn(sin(x))/(cos(x) + 1)72
- (a"2*sgn(sin(x)) - 8*a~2*(cos(x) - 1)*sgn(sin(x))/(cos(x) + 1) + 18xa~2%
(cos(x) - 1)~2*xsgn(sin(x))/(cos(x) + 1)72)*(cos(x) + 1)72/(cos(x) - 1)72)*s

qrt(a)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

[ (i) @

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~2)~(5/2),x)
[Out] int((a/sin(x)"2)"(5/2), x)
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3.49 [ (a csc2(z))*? du

Optimal. Leaf size=46

—%a3/2 tanh™* <M> — %acot(x)\/acscﬁ(x)

acsc?(x)

[Out] -1/2*a”~(3/2)*arctanh(cot(x)*a”~(1/2)/(axcsc(x)~2)~(1/2))-1/2*%a*xcot (x)*(a*xcsc
(x)"2)"(1/2)

Rubi [A]
time = 0.02, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.400,

steps used = 4, number of rules used = 4, integrand size = 10
Rules used = {4207, 201, 223, 212}

—%a3/2 tanh™* <M> - %acot(x)\/acs@(x)

acsc?(x)

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~2)~(3/2),x]

[Out] -1/2%(a~(3/2)*ArcTanh[(Sqrt[al*Cot[x])/Sqrt[a*xCsc[x]~2]]) - (a*Cot[x]*Sqrtl[

a*Csc[x]~2])/2

Rule 201

Int[((a_) + (b_.)*(x.)"(_))~(p_), x_Symbol]l :> Simp[x*((a + b*x"n)"p/(n*p

+ 1)), x] + Dist[a*n*x(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free

Q[{a, b}, x] && IGtQ[n, 0] &% GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&

IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3+*pl) || LtQ[Denominator[p + 1/n],
Denominator [p]l])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 223
Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && 'GtQ[a, 0]

Rule 4207
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Int[((b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*xx~2)"(p - 1),
x], x, Tanle + f*x]1/ff], x]] /; FreeQ[{b, e, f, p}, x] & !IntegerQ[p]

Rubi steps

/ (acsc(x))*? do = —(aSubst ( / Va+az? dx,:c,cot(w)))
- —%acot(z)\/m -~ %a2Subst( ﬁ dz,z, cot(x))

1 1 1 cot(x)
= ——acot(z)\/acsc2(z) — —a’Subst / de,r, ——
2 (@) (@) 2 ( 1 —az? Vacsc?(z) )

= —1a3/2 tanh ™! (M> — 1acot z)\/acsc2(x
2 v acsc?(x) 2 ) )

Mathematica [A]
time = 0.08, size = 39, normalized size = 0.85

—%a\/m (cot(a:) csc(z) + log (cos (g)) —log (sin (g))) sin(z)

Antiderivative was successfully verified.

[In] Integrate[(a*Csc[x]~2)~(3/2),x]
[Out] -1/2*(a*Sqrt[a*Csc[x]~2]*(Cot[x]*Csc[x] + Logl[Cos[x/2]] - Log[Sin[x/2]])*Si
n[x])

Maple [A]
time = 0.09, size = 53, normalized size = 1.15

method | result

[NOY)

VA

ottt | — (=) (o) () st

. ia o (63222—1?) (eziz—‘rl) a e2iT iz . a e2iT iz .
risch - T tay\/~ Gy In (e** — 1)sin (z) — a, | = iy In (e” + 1) sin (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*csc(x)~2)~(3/2),x,method=_RETURNVERBOSE)
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[Out] -1/4*(cos(x)~2*1n(-(cos(x)-1)/sin(x))+cos(x)-1n(-(cos(x)-1)/sin(x)))*sin(x)
*x(-1/(cos(x)"2-1)*a)~(3/2)*4~(1/2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 318 vs.
2(34) = 68.
time = 0.54, size = 318, normalized size = 6.91

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(3/2),x, algorithm="maxima")

[Out] -1/2*(4*axcos(3*x)*sin(2*x) + 4*ax*cos(x)*sin(2*x) - 4*a*cos(2*x)*sin(x) - (
a*cos(4*x) "2 + 4xaxcos(2+*x)"2 + a*sin(4*x)”2 - 4xaxsin(4*x)*sin(2*x) + 4xax
sin(2*x) "2 - 2x(2*a*cos(2*x) - a)*cos(4*x) - 4*axcos(2*x) + a)*arctan2(sin(

x), cos(x) + 1) + (axcos(4*x)~2 + 4xa*cos(2*x)~2 + a*sin(4*x)~2 - 4xaxsin(4
*x)*sin(2*x) + 4*xaxsin(2*x)~2 - 2% (2*a*cos(2*x) - a)*cos(4*x) - 4*a*cos(2*x

) + a)*arctan2(sin(x), cos(x) - 1) + 2x(a*sin(3*x) + a*sin(x))*cos(4*x) - 2
*(axcos(3*x) + akxcos(x))*sin(4*x) - 2x(2*a*cos(2*x) - a)*sin(3*x) + 2*axsin
(x))*sqrt(-a)/(2*(2xcos(2*x) - 1)*cos(4*x) - cos(4*x)"2 - 4*xcos(2*x)"2 - si
n(4*x) "2 + 4xsin(4*x)*sin(2*x) - 4*sin(2*x)~2 + 4*cos(2*x) - 1)

Fricas [A]
time = 3.42, size = 49, normalized size = 1.07

a

(2acos () + (acon ) ~ o) og (-2 ) = oSy

4 sin (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(3/2),x, algorithm="fricas")

[Out] -1/4%(2*a*xcos(x) + (a*cos(x)~2 - a)*log(-(cos(x) - 1)/(cos(x) + 1)))*sqrt(-
a/(cos(x)"2 - 1)) /sin(x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acsc? (gv))g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)**2)*x(3/2),x)
[Out] Integral((a*csc(x)**2)**(3/2), x)
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Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 72 vs. 2(34) = 68.
time = 0.43, size = 72, normalized size = 1.57

2 (cos(z)—1)sgn(sin(z))

1 (2 o <_cos (z) — 1) sgn(sin (z)) — (W — sgn(sin (x))) (cos(z) +1)  (cos () — 1)sgn(sin (z))) ]

lw

8 cos(z) +1 cos(z) —1 cos(z)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(3/2),x, algorithm="giac")

[Out] 1/8%(2%1log(-(cos(x) - 1)/(cos(x) + 1))*sgn(sin(x)) - (2*(cos(x) - 1)*sgn(si
n(x))/(cos(x) + 1) - sgn(sin(x)))*(cos(x) + 1)/(cos(x) - 1) - (cos(x) - 1)*
sgn(sin(x))/(cos(x) + 1))*a~(3/2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

[ (i)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~2)~(3/2),x)
[Out] int((a/sin(x)~2)~(3/2), x)
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3.50 [ \/acsc2(z) dz

Optimal. Leaf size=26
—+/a tanh™* Va cot(z)
a csc?(z)

[Out] -arctanh(cot(x)*a~(1/2)/(a*csc(x)~2)"(1/2))*a~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 26, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 3, number of rules used = 3, integrand size = 10
Rules used = {4207, 223, 212}

_ V& tanh! (M)

a csc?(x)

Antiderivative was successfully verified.

[In] Int([Sqrt[a*Csc[x]~2],x]

[Out] -(Sqrt[al*ArcTanh[(Sqrt[al*Cot[x])/Sqrt[a*Csc[x]~2]1])
Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 223

Int[1/Sqrt[(a_) + (b_.)*(x_)~2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !GtQ[a, 0]

Rule 4207

Int[((b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + bxff~2*x~2)"(p - 1),
x], x, Tanle + f*x]/ff], x]1] /; FreeQl[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps
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/\/de= —(ﬁ@a(/ﬁdw,x,cot(w)))

=- <aSubSJG (/ 1 —1ax2 4, Lﬁ)»

va' cot(z) )

a csc?(x)

= —+/a tanh™! (

Mathematica [A]
time = 0.02, size = 30, normalized size = 1.15

acsc?(x) <— log <cos (;)) + log (sin (g))) sin(zx)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a*Csc[x]~2],x]
[Out] Sqrt[a*Csc[x]~2]*(-Logl[Cos[x/2]] + Log[Sin[x/2]])*Sin[x]

Maple [A]
time = 0.09, size = 32, normalized size = 1.23

size

method | result

sina) In(~2@51) | [— b VA
) 32

64

default
a e2iz

risch -2, /—% In (6" 4 1) sin (z) + 2 e I (e — 1) sin (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*csc(x)~2)~(1/2),x,method=_RETURNVERBOSE)
[Out] 1/2*sin(x)*1n(-(cos(x)-1)/sin(x))*(-1/(cos(x)"2-1)*a)~(1/2)*4~(1/2)

Maxima [A]
time = 0.56, size = 24, normalized size = 0.92

—+/—a (arctan (sin (z) , cos (x) + 1) — arctan (sin (z) , cos (z) — 1))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(1/2),x, algorithm="maxima")

[Out] -sqrt(-a)*(arctan2(sin(x), cos(x) + 1) - arctan2(sin(x), cos(x) - 1))
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Fricas [A]
time = 2.57, size = 64, normalized size = 2.46

ETANE o~ (x cos (z) sin (z)

1/ cos(z)—1

a
L PO (o G
2 cos () — 1 8 ( cos (z) + 1

> sin (), /—a arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2*sqrt(-a/(cos(x)”2 - 1))*log(-(cos(x) - 1)/(cos(x) + 1))*sin(x), sqrt(-
a)*arctan(sqrt(-a)*sqrt(-a/(cos(x)~2 - 1))*cos(x)*sin(x)/a)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcsc(x)**2)**x(1/2),x)
[Out] Integral(sqrt(a*xcsc(x)**2), x)

Giac [A]
time = 0.41, size = 13, normalized size = 0.50

oo (1)

Verification of antiderivative is not currently implemented for this CAS.

) sgn(sin («))

[In] integrate((a*csc(x)~2)~(1/2),x, algorithm="giac")
[Out] sqrt(a)*log(abs(tan(1/2*x)))*sgn(sin(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

//ﬁdw

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~2)"(1/2),x)
[Out] int((a/sin(x)"2)"(1/2), x)
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3.51 dx

/ Vacsct(z)

Optimal. Leaf size=14
cot(z)

a csc?(x)

[Out] -cot(x)/(a*csc(x)"2)"(1/2)

Rubi [A]
time = 0.01, antiderivative size = 14, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {4207, 197}
cot(x)

acsc?(x)

Antiderivative was successfully verified.
[In] Int[1/Sqrt[a*Csc[x]~2],x]
[Out] -(Cot[x]/Sqrt[a*Csc[x]~2])
Rule 197

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 4207

Int[((b_.)*sec[(e_.) + (f_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*xx~2)"(p - 1),
x], x, Tanle + f*xx]/£ff], x]] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps

/ ﬁ de = — (aSubst (/ —(a n al:r2)3/2 dz, z, cot(x)))

cot(z)

a csc?(x)

Mathematica [A]
time = 0.01, size = 14, normalized size = 1.00

cot(z)

a csc?(x)
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Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[axCsc[x]~2],x]

[Out] -(Cot[x]/Sqrtl[a*Csc[x]~2])
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 26 vs.

2(12) = 24.
time = 0.08, size = 27, normalized size = 1.93

method | result size
default sin(z) \/Z 27
2 \/— coszgﬁ (cos(z)—1)
risch — Z:Zm T - ! 2iz 69
9 \/_ (625_1)2 (e2iz—1)  2(e?iv—1) \/— (e;:_l)z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*csc(x)~2)~(1/2),x,method=_RETURNVERBOSE)
[Out] 1/2*sin(x)/(-1/(cos(x)"2-1)*a)~(1/2)/(cos(x)-1)*4~(1/2)

Maxima [A]
time = 0.51, size = 13, normalized size = 0.93

1
tan (z)> +1 va

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~2)~(1/2),x, algorithm="maxima")
[Out] -1/(sqrt(tan(x)~2 + 1)*sqrt(a))

Fricas [A]
time = 2.81, size = 22, normalized size = 1.57

\/ —ﬁ ' co8 (z) sin (z)

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(axcsc(x)~2)~(1/2),x, algorithm="fricas")
[Out] -sqrt(-a/(cos(x)"2 - 1))*cos(x)*sin(x)/a
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Sympy [A]
time = 0.20, size = 14, normalized size = 1.00
_ cot(z)
a csc? (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)**2)**(1/2),x)

[Out] -cot(x)/sqrt(a*xcsc(x)**2)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 34 vs. 2(12) = 24.
time = 0.46, size = 34, normalized size = 2.43

2 sgn(sin (x)) N 2
va o va (S - 1)se (sin (@)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~2)~(1/2),x, algorithm="giac")
[Out] 2*sgn(sin(x))/sqrt(a) + 2/(sqrt(a)*((cos(x) - 1)/(cos(x) + 1) - 1)*sgn(sin(
x)))

Mupad [B]
time = 0.22, size = 15, normalized size = 1.07

sin (2 z)

_2 Va' y/sin (z)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)"2)"(1/2),%)
[Out] -sin(2*x)/(2*a~(1/2)*(sin(x)~2)~(1/2))
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3.52 f( s d

acsc?(z))
Optimal. Leaf size=36

cot(x) 2 cot(z)

3 (a csc2(9n))3/2 3a+/acsc?(x)

[Out] -1/3*cot(x)/(a*xcsc(x)~2)~(3/2)-2/3*cot(x)/a/(a*xcsc(x)"2)"(1/2)

Rubi [A]
time = 0.01, antiderivative size = 36, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 3, number of rules used = 3, integrand size = 10
Rules used = {4207, 198, 197}

2 cot(x) cot(x)

' 3av/a csc(z) 3 (a csc?(z))*
Antiderivative was successfully verified.
[In] Int[(axCsc[x]~2)~(-3/2),x]
[Out] -1/3*Cot[x]/(a*Csc[x]172)~(3/2) - (2*Cot[x])/(3*axSqrt[a*Csc[x]~2])
Rule 197

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 198

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n)~(p +

1)/(a*nx(p + 1))), x] + Dist[(n*(p + 1) + 1)/(a*nx(p + 1)), Int[(a + b*x"n
)~(p + 1), x], x] /; FreeQ[{a, b, n, p}, x] & ILtQ[Simplify[i/n + p + 1],
0] && NeQ[p, -1]

Rule 4207

Int[((b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*ff~2*x~2)"(p - 1),
x], x, Tanle + fxx]/£ff], x]] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps
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1 1
/ W dr = (aSubst (/ m dz, , cot(x)) )

- _ cot() _g ubs —1 T,T,cot(x
= e 35 bt(/ (a+ax2)3/2d , T, cot( ))

3 (acsc?(x
cot(x) 2 cot(z)

3 (acsc?(z))*/?  3a Vacsc?(z)

Mathematica [A]

time = 0.02,

size = 27, normalized size = 0.75

(=9 cos(z) + cos(3z)) csc®(x)
12 (a csc?(z))*?

Antiderivative was successfully verified.

[In] Integrate[(a*Csc[x]~2)~(-3/2),x]
[Out] ((-9%Cos[x] + Cos[3*x])*Csc[x]~3)/(12*(axCsc[x]72)~(3/2))

Maple [A]
time = 0.08, size = 31, normalized size = 0.86
method | result
default sin(m)(cos(a})—2)\/‘? .
6(cos(z)—1)2 (—ﬁ) 2
I'iSCh 1e*'T 3'Le2“5 33 + —21,@
2a(e 1) \/_ (egif_”;)z Sa(ezm 1) \/_ ezaz:%z \/ (eg,: ”;)2 (e?*—1)a 24a(e?c—1) \/— (egiiz—”jclf

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*csc(x)~2)~(3/2),x,method=_RETURNVERBOSE)
[Out] 1/6%sin(x)*(cos(x)-2)/(cos(x)-1)"2/(-1/(cos(x)~2-1)*a)~(3/2)*4~(1/2)

Maxima

[F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~2)~(3/2),x, algorithm="maxima")
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[Out] integrate((a*csc(x)~2)~(-3/2), x)

Fricas [A]
time = 2.42, size = 29, normalized size = 0.81

(cos (z)® — 3 cos (z)) \/—m sin (z)

3a?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~2)~(3/2),x, algorithm="fricas")
[Out] 1/3*(cos(x)~3 - 3*cos(x))*sqrt(-a/(cos(x)"2 - 1))*sin(x)/a"2

Sympy [A]
time = 0.34, size = 32, normalized size = 0.89
2 cot? (z) cot (z)

- 3 (a csc? (x))% - (a csc? (x))%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)**2)**(3/2),x)
[Out] -2*cot(x)**3/(3*(a*csc(x)**2)**x(3/2)) - cot(x)/(a*csc(x)**2)**x(3/2)

Giac [A]
time = 0.43, size = 52, normalized size = 1.44

3 -1
4 ( sgn(sin(z)) % -1 >

Vi Ve (g5 ) e

3a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~2)~(3/2),x, algorithm="giac")
[Out] 4/3*(sgn(sin(x))/sqrt(a) - (3*(cos(x) - 1)/(cos(x) + 1) - 1)/(sqrt(a)*((cos
(x) - 1)/(cos(x) + 1) - 1)73*sgn(sin(x))))/a

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

i

sin(z)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)"2)~(3/2),x)
[Out] int(1/(a/sin(x)"2)~(3/2), x)
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3.53 f( L d

a(SC2(x))5/2
Optimal. Leaf size=55

cot(z) 4 cot(z) 8 cot(z)

5(acsc?(z))”?  15a (acsc?(z))*/? - 15a2+/a csc?(z)

[Out] -1/5%cot(x)/(a*csc(x)"2)~(5/2)-4/15*%cot(x)/a/(a*xcsc(x)~2)~(3/2)-8/15*%cot (x)
/a~2/(axcsc(x)~2)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 55, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 4, number of rules used = 3, integrand size = 10
Rules used = {4207, 198, 197}
8 cot(z) 4 cot(z) cot(z)

" 15a2 acsc?(x) 150 (acsc?(z))*/? 5 (a csc?(z))™/?

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~2)~(-5/2),x]

[Out] -1/5%Cot[x]/(a*Csc[x]~2)~(5/2) - (4*Cot[x])/(15*a*(a*Csc[x]~2)~(3/2)) - (8*
Cot [x])/(15*%a~2xSqrt [a*xCsc[x]~2])

Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 198

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n)"(p +

1)/(a*nx(p + 1))), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*x"n
)~ + 1), x], x]1 /; FreeQl[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1],
0] && NeQ[p, -1]

Rule 4207

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*x~2)"(p - 1),
x], x, Tanl[e + fxx]/£ff], x]1] /; FreeQ[{b, e, £, p}, x] & !IntegerQ[p]

Rubi steps
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/ o 5/2 (aSubst (/ ara) " :x2)7/2 dz, z, cot(ﬂt)))

=— cot(z) 577~ éSubst /;5/2 dz, z,cot(z)
5 (acsc?(z)) 5 (a + az?)

cot(z) ~ 4 cot() ~ 8Subst (f m dz,z, cot(z))
5(acsc?(z))”?  15a (acsc?(z))*/? 15a
cot(x) B 4 cot(z) B 8 cot(z)

5(acsc?(z))”?  15a(acsc?(z))*?  15a2+/acsc?(z)

Mathematica [A]
time = 0.03, size = 36, normalized size = 0.65

_ (150 cos(z) — 25 cos(3z) + 3 cos(5z)) /acsc?(z) sin(z)
240a?

Antiderivative was successfully verified.

[In] Integrate[(axCsc[x]~2)~(-5/2),x]
[Out] -1/240%((150%Cos[x] - 25%Cos[3*x] + 3*Cos[5*x])*Sqrt[a*xCsc[x]~2]*Sin[x])/a"
3

Maple [A]
time = 0.08, size = 39, normalized size = 0.71

method | result
sin(z) (3(cos?(z)) —9 cos(z)+8) \/Z

default %
30(cos(x)—1)3 (—W) 2

risch — e - — Sk ‘ ot e
160a2 (e2ie—1) \/ — (e;:ﬁ)g 1602 (e2iw—1) \/ — (eg;fj) \/ — (eza”f “1)2 (e2i7—1)a? 96a2 (e2iz—1) \/7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*csc(x)~2)~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/30*sin(x)*(3*cos(x)~2-9*cos(x)+8)/(cos(x)-1)"3/(-1/(cos(x)"2-1)*a)~(5/2)*
4~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(a*csc(x)~2)~(5/2),x, algorithm="maxima")
[Out] integrate((axcsc(x)~2)~(-5/2), x)

Fricas [A]
time = 2.62, size = 37, normalized size = 0.67

(3 cos (z)® — 10 cos (z)® + 15 cos (z)) \/—ﬁ sin ()

B 15a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~2)~(5/2),x, algorithm="fricas")

[Out] -1/15%(3*cos(x)”5 - 10*cos(x)~3 + 15xcos(x))*sqrt(-a/(cos(x)"2 - 1))*sin(x)
/a~3

Sympy [A]
time = 1.60, size = 51, normalized size = 0.93

8 cot® (x) 4 cot? () cot (z)

15 (a csc? (x))% 3 (a csc? (a:))% (a csc? (ac))g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)**2)**(5/2),x)
[Out] -8*cot (x)**x5/(15%(a*csc(x)**2)**x(5/2)) - 4dxcot(x)**3/(3*x(a*csc(x)**2)*xx(5/2

)) - cot(x)/(axcsc(x)**2)**x(5/2)

Giac [A]
time = 0.43, size = 62, normalized size = 1.13

5 (cos(z)—1) 10 (cos(z)—1)2
16sgn(sin (z)) 16< cos(@)+1 (cos@)+L)® 1>

5 5
15a2 15a3 (Cos(x)_l — 1) sgn (sin (z))

cos(z)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~2)~(5/2),x, algorithm="giac")

[Out] 16/15*%sgn(sin(x))/a~(5/2) - 16/15%(5%(cos(x) - 1)/(cos(x) + 1) - 10*(cos(x)
- 1)72/(cos(x) + 1)72 - 1)/(a~(5/2)*((cos(x) - 1)/(cos(x) + 1) - 1)~ 5x*sgn(

sin(x)))



Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

G

sin(z)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)"2)~(5/2),x)
[Out] int(1/(a/sin(x)"2)~(5/2), x)
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3.54 | : L d

a(SC2(x))7/2
Optimal. Leaf size=74

cot(x) 6 cot(z) B 8 cot(z) 16 cot(x)

7(acsc?(z))”?  35a(acsc?(z))®?  35a2 (acsc?(x))*/? 3503 Vacsc?(z)

[Out] -1/7*xcot(x)/(a*xcsc(x)~2)~(7/2)-6/35*%cot(x)/a/(a*xcsc(x)"2)"(5/2)-8/35*%cot (x)
/a”~2/(axcsc(x)~2)~(3/2)-16/35*cot (x)/a~3/(axcsc(x)~2)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 74, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 5, number of rules used = 3, integrand size = 10
Rules used = {4207, 198, 197}
_ 16cot(z) B 8 cot(z) B 6 cot(z) B cot(x)
35a3+\/acsc?(z)  35a2 (acsc?(z))?  35a(acsc?(z))”? 7 (acsc?(z))?

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~2)~(-7/2),x]

[Out] -1/7*Cot[x]/(axCsc[x]~2)~(7/2) - (6xCot[x])/(35*a*(a*Csc[x]172)7(5/2)) - (8
Cot [x])/(35*%a~2x(a*Csc[x]~2)~(3/2)) - (16*Cot[x])/(35*%a~3*Sqrt[a*xCsc[x]~2])

Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 198

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(-x)*((a + b*x"n)"(p +

1)/(a*nx(p + 1))), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*x"n
)~ + 1), x], x]1 /; FreeQl[{a, b, n, p}, x] && ILtQ[Simplify[i/n + p + 1],
0] && NeQ[p, -1]

Rule 4207

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[bx(ff/f), Subst[Int[(b + b*xff~2*x~2)"(p - 1),
x], x, Tanl[e + fxx]/£ff], x]1] /; FreeQ[{b, e, £, p}, x] & !IntegerQ[p]

Rubi steps
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1 1
—— = dx = — | aSubst —— = dx, x, cot(x
/ (acsc?(z))™? ( (/ (a + az?)”/? ( )> )
cot(z) - §Subst (/ (; dz, z, cot(x))

7(acscX(z))”® 7 a+ az2)"/?

24Subst (f W dz, z, cot(:v))

_ cot(z) B 6 cot(x)
7(acsc?(z))?  35a(acsc(x))™? 35a
cot(z) B 6 cot(x) B 8 cot(x) B 16Subst (f W ¢
7(acsc?(z))/?  35a(acsc®(z))™®  35a2 (acsc?(z))*/? 35a?
cot(z) B 6 cot(z) B 8 cot(z) B 16 cot(x)

7(acsc?(z))”?  35a(acsc?(z))®?  35a2 (acsc?(z))*?  35a3+/acsc?(x)

Mathematica [A]
time = 0.05, size = 42, normalized size = 0.57

(—1225 cos(z) + 245 cos(3x) — 49 cos(5z) + 5 cos(7x))+/acsc?(z) sin(z)
2240a*

Antiderivative was successfully verified.

[In] Integrate[(a*Csc[x]~2)~(-7/2),x]
[Out] ((-1225%Cos[x] + 245*Cos[3*x] - 49*Cos[5*x] + 5*Cos[7*x])*Sqrt [a*Csc[x]~2]*
Sin[x])/(2240%a"4)

Maple [A]
time = 0.09, size = 45, normalized size = 0.61

method | result
sin(z) (5(cos®(z)) —20(cos?(z) ) +29 cos(z) —16) \/Z
7

70(cos(z)—1)* (_ m) ’

default

; ie8i® _ 35ie%i® _ 35i Tie—%
risch 3720 aeiz 3720 aeiz ae2iz 2 3 + 3.0
896a3(e2iz—1), [ — (e2ia_1)? 128a3(e??*—1) 4 / — (e2ia_1)? 128, / — (e2ia_1)? (e?z—1)a 128a3(e?*—1) 4 /-

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*csc(x)~2)"(7/2),x,method=_RETURNVERBOSE)
[Out] 1/70*sin(x)* (5*cos(x) ~3-20*cos(x) ~2+29*cos(x)-16)/(cos(x)-1)"4/(-1/(cos(x)"
2-1)*a)~(7/2)*4~(1/2)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~2)~(7/2),x, algorithm="maxima")
[Out] integrate((a*csc(x)~2)~(-7/2), x)

Fricas [A]
time = 3.16, size = 43, normalized size = 0.58

(5 cos (z)” — 21 cos (z)® + 35 cos (z)* — 35 cos (z)) \/—ﬁ sin (z)

35a*
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(a*csc(x)~2)~(7/2),x, algorithm="fricas")
[Out] 1/35%(5xcos(x)~7 - 21*cos(x)~5 + 35%cos(x)~3 - 35*cos(x))*sqrt(-a/(cos(x)~2
- 1))*sin(x)/a"4

Sympy [A]
time = 11.73, size = 68, normalized size = 0.92

16cot”(z)  8cot’(z)  2cot’(z)  cot(z)

- 35 (a csc? (x))% 5 (a csc? (x))% (a csc? (x))% (a csc? (x))%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)**2)**x(7/2),x)
[Out] -16*cot(x)**7/(35*(a*csc(x)**2)*x(7/2)) - 8*cot(x)**5/(5*x(a*csc(x)**2)*x(7/
2)) - 2xcot(x)**3/(a*csc(x)**x2)*x(7/2) - cot(x)/(a*xcsc(x)*x2)*x(7/2)

Giac [A]
time = 0.42, size = 76, normalized size = 1.03

7(cos(z)—1) 21 (cos(z)—1)2 + 35 (cos(x)—1)3 . 1)

32sgn(sin (z)) B 32 ( cos(z)+1 (cos(z)+1)2 (cos(z)+1)?
7 7
3502 35 (2851 — 1) sgn (sin (2))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~2)~(7/2),x, algorithm="giac")
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[Out] 32/35%sgn(sin(x))/a~(7/2) - 32/35*%(7*(cos(x) - 1)/(cos(x) + 1) - 21*(cos(x)
- 1)72/(cos(x) + 1)72 + 35*(cos(x) - 1)73/(cos(x) + 1)73 - 1)/(@~(7/2)*((c

os(x) - 1)/(cos(x) + 1) - 1)~7*xsgn(sin(x)))

Mupad [F]
time = 0.00, size =

-1, normalized size = -0.01

I

sin(z)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)~2)~(7/2),x)
[Out] int(1/(a/sin(x)~2)~(7/2), x)
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3.55 [ (a csc3(z))*? da
Optimal. Leaf size=123

154 154

~rg5d % cot(z)/acsc3(z) — 117a 2 cot(x) csc?(x) /a csc3(z ——a cot(z) csc*(z) \/acsc3(z) — 105% % cos(x

[Out] -154/585*a~2*xcot (x)*(a*xcsc(x)~3)~(1/2)-22/117*a"~2*cot (x)*csc(x) ~2* (a*xcsc(x)
~3)7"(1/2)-2/13*a"2*cot (x) *csc(x) "4* (axcsc(x) ~3)~(1/2)-154/195*a"2*cos (x) *si
n(x)*(a*xcsc(x)~3)~(1/2)+154/195*a~2*(sin(1/4*Pi+1/2%x)"2)~(1/2)/sin(1/4*Pi+
1/2*xx)*EllipticE(cos (1/4%Pi+1/2%x) ,2~(1/2))*sin(x) ~(3/2)*(a*csc(x)~3)~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 123, normalized size of antiderivative = 1.00, number of

e = 10, number of rules — 0.400,
integrand size

steps used = 7, number of rules used = 4, integrand siz
Rules used = {4208, 3853, 3856, 2719}

2 22 154
~535% cot(z) /acscd(z) —Eazcot(z)csc“(z) acsc3(z) —mﬁcot(z)cscz(z) acsc3(z) —%a sin(z) cos(z) /a csc3(z) +—a sin2 (I)E(*—*‘ ) acsc3(z)

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~3)~(5/2),x]

[Out] (-154*a~2*Cot [x]*Sqrt[a*Csc[x]~3])/5685 - (22*a~2*Cot [x]*Csc[x] "2*Sqrt [a*Csc
[x]1731)/117 - (2xa~2*Cot [x]*Csc[x] ~4*Sqrt[a*xCsc[x]~3])/13 - (154*a~2*Cos[x]

*xSqrt [axCsc[x] ~3]*Sin[x])/195 + (154*a~2*Sqrt[a*Csc[x]~3]*EllipticE[Pi/4 -

x/2, 2]*Sin[x]~(3/2))/195

Rule 2719

Int[Sqrtlsinl(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, xl

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Csclc + d*x])"(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2#n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4208
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Int[((b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x]) ~ (n*FracPart
[p1)), Int[(cxSecle + fxx])~(n*p), x], x] /; FreeQ[{b, c, e, f, n, p}, x] &

& !'IntegerQ[p]

Rubi steps

[ (eesc(@)” do = (o2 VacssT) ) J ( escla)) o do

Mathematica [A]

(— csc(x))3/2

(11&2\/W> [(—csc(z)) 2 dz

13(— csc(x))3/2

2
—13¢ 2 cot(x) csc*(z) Vacsc3(z) +

(77a2 Vacs

2 ) 3 2 4 3
= —117% ? cot(z) csc?(x) \/a csc3(x) 3% cot(z) csc*(z)v/acsc3(z) + T
154 ‘
a® cot(z)\/acsc3(z) — —a cot(z) csc®(x) \/a csc3(x a cot(z) csc*(z

585

117

154 ‘
——a?cot(z)\/acsc3(z ——a cot(z) csc®(x)/acsc3(x) — —a cot(z) csc*(z

585 117

1 ‘

%a cot(x)+/acscd(z) — ma cot(z) csc®(x)/acsc3(x) — —a cot(z) csc*(z

154 22 2 ‘
= —%az cot(z)/acscd(z) — 7% 2 cot(z) csc?(x) \/acsc3(z) — EGQ cot(z) csc*(z

time = 0.21, size = 58, normalized size = 0.47

(acscd(z))? (29568E( L(x — 22)| 2) sin® (z) — 9414sin(2z) + 5346 sin(4z) — 1694 sin(6z) + 231 sin(Sx))

37440

Antiderivative was successfully verified.

[In] Integrate[(a*Csc[x]"3)~(5/2),x]

[Out] ((a*Csc[x]~3)~(5/2)*(29568*E1lipticE[(Pi - 2xx)/4, 2]*Sin[x]~(15/2) - 9414x

Sin[2*x] + 5346xSin[4*x] - 1694xSin[6*x] + 231%Sin[8%x])) /37440

Maple [C] Result contains complex when optimal does not.
time = 0.23, size = 1313, normalized size = 10.67
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method | result size

default | Expression too large to display | 1313

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*csc(x)~3)~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/9360%(231*cos(x)~7*((-I*cos(x)+sin(x)+I)/sin(x))~(1/2)*E1llipticF (((I*cos(
x)+sin(x)-I)/sin(x))~(1/2),1/2*27(1/2))*(-I*(cos(x)-1)/sin(x)) ~(1/2)*((I*co
s(x)+sin(x)-I)/sin(x))~(1/2)*27(1/2)-462*cos(x) “7*((-I*cos(x)+sin(x)+I)/sin
(x))~(1/2)*(-I*(cos(x)-1)/sin(x))~(1/2)*E11lipticE(((I*cos(x)+sin(x)-I)/sin(
x))"(1/2),1/2%27(1/2) ) *((I*cos(x)+sin(x)-I)/sin(x)) " (1/2) %2~ (1/2)+231*cos (x
) "6%((-I*cos(x)+sin(x)+I)/sin(x))~(1/2)*E1lipticF(((I*cos(x)+sin(x)-I)/sin(
x))~(1/2),1/2%27(1/2))*(-I*(cos(x)-1) /sin(x)) " (1/2)*((I*cos(x)+sin(x)-I)/si
n(x))~(1/2)*2~(1/2)-462*cos (x) “6*x ((-I*cos(x)+sin(x)+I)/sin(x))~(1/2)*(-I*(c
os(x)-1)/sin(x) )~ (1/2)*E1llipticE(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%2~(
1/2))*((I*cos(x)+sin(x)-I)/sin(x))~(1/2)*2~(1/2)-693*cos (x) 5% ((-I*cos(x)+s
in(x)+I)/sin(x))~(1/2)*EllipticF (((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%27(
1/2))*(-I*(cos(x)-1)/sin(x))~(1/2)*((I*cos(x)+sin(x)-I)/sin(x))~(1/2)*2~(1/
2)+1386*cos (x) “5* ((-I*cos(x)+sin(x)+I)/sin(x)) ~(1/2)*(-I*(cos(x)-1)/sin(x))
~(1/2)*E1lipticE(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%27(1/2))*((I*cos(x)
+sin(x)-I)/sin(x))~(1/2)*2~(1/2)-693*cos (x) “4*((-I*cos(x)+sin(x)+I)/sin(x))
~(1/2)*E1lipticF(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2*27(1/2))*(-I*(cos(x
)-1)/sin(x)) " (1/2) *((I*cos(x)+sin(x)-I)/sin(x))~(1/2)*2"~(1/2)+1386*cos(x) "4
*((-I*cos(x)+sin(x)+I)/sin(x))~(1/2)*(-I*(cos(x)-1)/sin(x))~(1/2)*E1llipticE
(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%x2~(1/2))*((I*cos(x)+sin(x)-I)/sin(x
))~(1/2)%27(1/2)+693*cos (x) “3* ((-I*cos(x)+sin(x)+I)/sin(x) )~ (1/2)*EllipticF
(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%2~(1/2)) *(-I*(cos(x)-1)/sin(x))~(1/
2)*((I*cos(x)+sin(x)-I)/sin(x))~(1/2)*2~(1/2)-1386*cos(x) "3*((-I*cos(x)+sin
(x)+I)/sin(x))~(1/2)*(-I*(cos(x)-1)/sin(x) )~ (1/2)*E11lipticE(((I*cos(x)+sin(
x)-I)/sin(x))~(1/2),1/2%27(1/2) )*((I*cos(x)+sin(x)-I)/sin(x)) "~ (1/2)*2~(1/2)
+693*cos (x) “2x ((-I*cos(x)+sin(x)+I)/sin(x))~(1/2)*E1llipticF (((I*cos(x)+sin(
x)-I)/sin(x))~(1/2),1/2%2"(1/2))*(-I*(cos(x)-1)/sin(x)) ~(1/2) *((I*cos(x)+si
n(x)-I)/sin(x))~(1/2)*2"(1/2)-1386*cos (x) "2* ((-I*cos(x)+sin(x)+I)/sin(x)) "~ (
1/2)*(-I*(cos(x)-1)/sin(x))~(1/2)*E11lipticE(((I*cos(x)+sin(x)-I)/sin(x))~(1
/2),1/2%2°(1/2) ) *((I*cos(x)+sin(x)-I)/sin(x))~(1/2)*2~(1/2)+462*xcos(x) ~6-23
1xcos (x) *((-I*cos(x)+sin(x)+I)/sin(x))~(1/2)*EllipticF(((I*cos(x)+sin(x)-I)
/sin(x))~(1/2),1/2%2~(1/2))*(-I*(cos(x)-1)/sin(x)) "~ (1/2)*((I*cos(x)+sin(x)-
I)/sin(x))~(1/2)*2"(1/2)+462*cos (x) * ((-I*cos(x)+sin(x)+I)/sin(x))~(1/2)*(-I
*(cos(x)-1)/sin(x))~(1/2)*E1lipticE(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%
27(1/2))*((I*cos(x)+sin(x)-I)/sin(x))~(1/2)*2"(1/2)-154*cos (x) ~5-231* ((-I*c
os(x)+sin(x)+I)/sin(x) )~ (1/2)*E1llipticF (((I*cos(x)+sin(x)-I)/sin(x))~(1/2),
1/2%27(1/2))*(-I*(cos(x)-1)/sin(x)) " (1/2)*((I*cos(x)+sin(x)-I)/sin(x))~(1/2
)*27(1/2)+462% ((-I*cos(x)+sin(x)+I)/sin(x))~(1/2)*(-I*(cos(x)-1)/sin(x))~(1
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/2)*E11lipticE(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%x27(1/2))*((I*cos(x)+si
n(x)-I)/sin(x)) "~ (1/2)*2"(1/2)-1386*cos (x) ~4+418*cos(x) ~3+1386*cos (x) ~2-354*
cos (x)-462) *sin(x) *(-2/sin(x)/(cos (x)"2-1)*a) ~(5/2)*8~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)73)7(5/2),x, algorithm="maxima")
[Out] integrate((a*xcsc(x)~3)~(5/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.81, size = 161, normalized size = 1.31

231 (a? cos ()" — 2a? cos (x)? + %) V2ia' sin () weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (z) + i sin (z))) + 231 (a? cos (z)" — 2a% cos (x)? + a?) V=21 a sin (z) weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos (z) — i sin (x))) — 2 (231 a% cos (z)7 — 7704 cos (z)” + 9024 cos (z)” — 408 o cos (z)) \“Lm

585 (cos (z)" — 2 cos ()" + 1) sin ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~3)~(5/2),x, algorithm="fricas")

[Out] -1/585%(231*(a~2*cos(x)~4 - 2¥a~2*cos(x)”2 + a~2)*sqrt(2+I*a)*sin(x)*weiers
trassZeta(4, 0, weierstrassPInverse(4, 0, cos(x) + I*sin(x))) + 231*x(a"2*co
s(x)~4 - 2xa"2*cos(x)”2 + a~2)*sqrt(-2*I*a)*sin(x)*weierstrassZeta(4, 0, we
ierstrassPInverse(4, 0, cos(x) - I*sin(x))) - 2*x(231xa~2%cos(x)"7 - 770%a"2
*xcos(x) "5 + 902*a~2xcos(x)~3 - 408*a~2*cos(x))*sqrt(-a/((cos(x)~2 - 1)*sin(
x))))/((cos(x)"4 - 2*xcos(x)"2 + 1)*sin(x))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acsc® (ac))g dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcsc(x)**3)**(5/2),x)
[Out] Integral((axcsc(x)**3)**(5/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((a*csc(x)~3)~(5/2),x, algorithm="giac")

[Out] integrate((a*xcsc(x)~3)~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (sin(za:)3>5/2 de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~3)~(5/2),x)
[Out] int((a/sin(x)~3)~(5/2), x)
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3.56 [ (a csc3(2))*? da

Optimal. Leaf size=71

—1—0acos(x)\/acsc3(x) —gacot(x) csc(x) v/ acsc3(x) —%a\/acsczi(x) F(% —; 2) sin? (z)

21

[Out] -10/21*a*cos(x)*(a*csc(x)~3)~(1/2)-2/7*a*xcot (x)*csc(x)*(a*csc(x)~3)~(1/2)-1
0/21*a*(sin(1/4*Pi+1/2%x)~2)~(1/2)/sin(1/4*Pi+1/2*x)*E1lipticF(cos(1/4*Pi+1
/2xx) ,27(1/2))*sin(x) " (3/2) *(a*xcsc(x)~3)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 71, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.400,

steps used = 5, number of rules used = 4, integrand size = 10
Rules used = {4208, 3853, 3856, 2720}

10 2 10
—57® cos(z)/acscd(z) — -a cot(x) csc(z)/acscd(z) — 51° sin%(m)F<£ - g 2) a csc3(z)

Antiderivative was successfully verified.
[In] Int[(a*Csc([x]~3)~(3/2),x]

[Out] (-10%axCos[x]*Sqrt[a*xCsc[x]73])/21 - (2xa*Cot [x]*Csc[x]*Sqrt[axCsc[x]~3])/7
- (10*axSqrt[a*Csc[x] 3] *EllipticF[Pi/4 - x/2, 2]*Sin[x]~(3/2))/21

Rule 2720

Int[1/Sqrt[sinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)*(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csc[c + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2+*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Cscl[c + d#*x]
)"n*Sin[c + d*x]°n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4208

Int[((b_.)*((c_.)*secl(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x])~ (n*FracPart
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[p])), Int[(c*Secle + f*x])~(n*p), x], x] /; FreeQ[{b, c, e, f, n, p}, x] &

& !'IntegerQ[p]

Rubi steps

)92 (av/acse(@) ) (= esele))” da
/ (aesee))™ do = - (— csc(x))?/2
(Ba\/acsc3(x) ) J(= esc(x))®? dx

2 3 —
=—a cot(x) csc(z) \/a csc?(x) 7(= csc(z))?2

(savacss@)) | Vo

=—£CLCOS($) a csc3(x) —%acot(x) cse(z)/acsc3(z) —

21

21(— csc(x))3/2

= —Ea cos(z)\/acscd(z) — %a cot(z) csc(z)\/acscd(z) + % <5a Vacscd(z) sin? (x)

= —Ea cos(z)+/acscd(z) — %a cot(z) csc(z)/acscd3(x) — %a\/acsc?’(z) F(;—r — g

21

Mathematica [A]
time = 0.13, size = 46, normalized size = 0.65

g (aes@)” (10 (§n—20

.9

2) sin (z) + 22sin(2z) — 5 sin(4x))

Antiderivative was successfully verified.

[In] Integratel[(a*Csc[x]~3)~(3/2),x]

[Out] -1/84x((a*Csc[x]~3)~(3/2)*(40%EllipticF[(Pi - 2*x)/4, 2]*Sin[x]~(9/2) + 22%

Sin[2*x] - 5%Sin[4*x]))

Maple [C] Result contains complex when optimal does not.
time = 0.19, size = 372, normalized size = 5.24

method | result

(cos(x)+1)2(cos(x)—1)2<5isin(z)(c033(x))\/§ \/ iCOS(“”S)i:(SS(Z)—i \/ —iCOS(:ilv(L:;n(w)H \/_i(CZiSr(lzl):)_l)

EllipticF <

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*csc(x)~3)~(3/2),x,method=_RETURNVERBOSE)
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[Out] -1/168%(cos(x)+1) 2% (cos(x)-1) "2* (5*xI*sin(x)*cos(x) " 3*27(1/2)*((I*cos(x)+si
n(x)-I)/sin(x)) "~ (1/2)*((-I*cos(x)+sin(x)+I)/sin(x)) " (1/2)*(-I*(cos(x)-1)/si
n(x))~(1/2)*E1lipticF(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%x27(1/2))+5*I*s
in(x)*cos(x) "2%2"(1/2) *((I*cos(x)+sin(x)-I)/sin(x)) " (1/2)*((-I*cos(x)+sin(x
)+I)/sin(x)) " (1/2)*(-I*(cos(x)-1)/sin(x))~(1/2)*E1llipticF (((I*cos(x)+sin(x)
-I)/sin(x))~(1/2),1/2%2~(1/2) ) -5*%I*sin(x) *cos (x)*2~(1/2) * ((I*cos (x)+sin(x)-
I)/sin(x))~(1/2) *((-I*cos(x)+sin(x)+I)/sin(x))~(1/2) *(-I*(cos(x)-1)/sin(x))
~(1/2)*E1lipticF(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%2~(1/2))-5*I*((I*co
s(x)+sin(x)-I)/sin(x))~(1/2)*2~(1/2)*((-I*cos(x)+sin(x)+I)/sin(x))~(1/2) * (-
Ix(cos(x)-1)/sin(x))~(1/2)*E1llipticF (((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2
*27(1/2))*sin(x)-10*cos(x) "3+16*cos(x) ) *(-2/sin(x)/(cos(x)"2-1)*a) ~(3/2)/si
n(x)~3%8~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~3)~(3/2),x, algorithm="maxima")
[Out] integrate((a*xcsc(x)~3)~(3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.10, size = 99, normalized size = 1.39

—_—
5 (iacos (z)” — i a) V2ia weierstrassPInverse(4, 0, cos (z) + sin (z)) + 5 (—iacos (z)* + i a) V—2i a weierstrassPInverse(4, 0, cos (z) — i sin (z)) + 2 (5acos (z)° — 8acos (z)) \/—W
cos (z)? — 1) sin (z

21 (cos (z)* — 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~3)7(3/2),x, algorithm="fricas")

[Out] -1/21x(5*(I*a*cos(x)~2 - I*a)*sqrt(2*Ixa)*weierstrassPInverse(4, 0, cos(x)
+ Ixsin(x)) + 5*(-I*axcos(x)~2 + I*a)*sqrt(-2xIxa)*weierstrassPInverse(4, 0
, cos(x) - Ixsin(x)) + 2x(5*axcos(x)~3 - 8*axcos(x))*sqrt(-a/((cos(x)"2 - 1

)*sin(x))))/(cos(x)"2 - 1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acsc® (x))% dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcsc(x)**3)**(3/2),x)
[Out] Integral((axcsc(x)**3)**x(3/2), x)



Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~3)~(3/2),x, algorithm="giac")
[Out] integrate((a*csc(x)~3)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (sin(gx)3>3/2 de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~3)~(3/2),x)
[Out] int((a/sin(x)~3)~(3/2), x)
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3.57 [ \/acsc3(z) dx

Optimal. Leaf size=48

—2cos(z)v/acsc3(x) sin(z) + 2+/acsc(z) E(%r - g 2) sin%(ac)

[Out] -2*cos(x)*sin(x)*(a*csc(x)~3)~(1/2)+2*(sin(1/4*Pi+1/2%x)~2)~(1/2)/sin(1/4x*P

i+1/2*x)*E1llipticE(cos (1/4*Pi+1/2%x) ,27(1/2))*sin(x)~(3/2)*(a*csc(x)~3)~(1/
2)

Rubi [A]

time = 0.02, antiderivative size = 48, normalized size of antiderivative = 1.00, number of

0, number of rules _ o 400,
integrand size

steps used = 4, number of rules used = 4, integrand size = 1
Rules used = {4208, 3853, 3856, 2719}

2sin? (x)E (% - g 2) acsc®(x) — 2sin(zx) cos(z)+/acsc3(x)

Antiderivative was successfully verified.
[In] Int[Sqrt[a*Csc[x]~3],x]

[Out] -2#Cos[x]*Sqrt[a*Csc[x]~3]*Sin[x] + 2*Sqrt[axCsc[x]~3]*EllipticE[Pi/4
, 2]*Sin[x]~(3/2)

Rule 2719

Int [Sqrt[sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)x*
(c - Pi/2 + d*x), 2], x] /; FreeQl{c, d}, x]

Rule 3853

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxCsclc + d*x])~(n - 1)/(d*(n - 1))), x] + Dist[b™2x((n - 2)/(n - 1)),
Int[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &
& IntegerQ[2x*n]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x]°n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]

Rule 4208

Int[((b_.)*((c_.)*sec[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x])~ (n*FracPart
[p1)), Int[(cxSecle + f*x])~(n*p), x], x] /; FreeQ[{b, c, e, £, n, p}, x] &

- x/2
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& !'IntegerQ[p]

Rubi steps

/de_ Vacse3(z) [(—csce(z))¥?dx

( csc(x))>/?

Vacsed(z) [ \/—

— csc(z)

= —2cos(z)\/acsc3(z) sin(z) — (Zcso(x))?2
= —2cos(z)\/acsc3(z) sin(z) — <\/acsc3( sin? ( )/\/sm ) dz
= -2 cos(x)\/m sin(x) + 2+/a csc3(x) E(— - = ) sin%(x)

Mathematica [A]
time = 0.05, size = 46, normalized size = 0.96

—2cos(z)/acscd(z) sin(z) + 2+/acsc®(z E( T — 21)

2) sin? (z)

Antiderivative was successfully verified.

[In] Integrate([Sqrt[a*Csc[x]~3],x]
[Out] -2#Cos[x]*Sqrt[a*xCsc[x]~3]*Sin[x] + 2*Sqrt[axCsc[x]"3]*EllipticE[(Pi - 2%x)
/4, 2]1*Sin[x]1~(3/2)

Maple [C] Result contains complex when optimal does not.
time = 0.16, size = 343, normalized size = 7.15

method | result

__i(cos(x) 1) i cos(z)+sin(z)—1i __icos(x)—sin(z)—i ‘ L i cos(z)+sin(z)—i \/E
<2 cos() \/5 \/ () Sn(2) \/ sin(x) EllipticE ( \/T e > —cos

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*csc(x)~3)~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/4*x(2*cos(x)*2~(1/2)*(-I*(cos(x)-1)/sin(x))~(1/2)*((I*cos(x)+sin(x)-I)/sin
(x))~(1/2)*(-(I*cos(x)-sin(x)-I)/sin(x) )~ (1/2)*E1llipticE(((I*cos(x)+sin(x)-
I)/sin(x))~(1/2),1/2%27(1/2) ) -cos(x)*27 (1/2) * (-I*(cos(x)-1) /sin(x) ) ~(1/2) *(
(Ixcos(x)+sin(x)-I)/sin(x))~(1/2)*(-(I*cos(x)-sin(x)-I)/sin(x))~(1/2)*Ellip
ticF(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%x2~(1/2))+2%2"(1/2) *(-I*(cos(x) -
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1)/sin(x))~(1/2)*((I*cos(x)+sin(x)-I)/sin(x))~(1/2)*(-(I*cos(x)-sin(x)-I)/s
in(x))~(1/2)*E1lipticE(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2x2~(1/2))-2"(1
/2)*(-I*(cos(x)-1)/sin(x))~(1/2) *((I*cos(x)+sin(x)-I)/sin(x))~(1/2)*(-(I*co
s(x)-sin(x)-I)/sin(x))~(1/2)*EllipticF(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1
/2x27(1/2))-2)*sin(x) *(-2/sin(x)/(cos(x) "2-1)*a)~(1/2)*8~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~3)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(a*csc(x)~3), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.38, size = 64, normalized size = 1.33

2 s (z)sin (z) — V2i a weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos () + i sin (z))) — v/ —2i a weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos () — i sin (z)))

(cos (z)* — 1) sin (z)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)73)7(1/2),x, algorithm="fricas")

[Out] -2xsqrt(-a/((cos(x)~2 - 1)#*sin(x)))*cos(x)*sin(x) - sqrt(2*I*a)*weierstrass
Zeta(4, 0, weierstrassPInverse(4, 0, cos(x) + Ixsin(x))) - sqrt(-2*I*a)*wei
erstrassZeta(4, 0, weierstrassPInverse(4, 0, cos(x) - I*sin(x)))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcsc(x)**3)**(1/2),x)
[Out] Integral(sqrt(a*csc(x)**3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~3)~(1/2),x, algorithm="giac")



[Out] integrate(sqrt(a*csc(x)~3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

//ﬁdw

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~3)~(1/2),x)
[Out] int((a/sin(x)~3)~(1/2), x)
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3.58 dz

/ Vacse3(z)

Optimal. Leaf size=50

2 cot(z) 2F (%2 —2|2)

_3\/acsc3(x) 3 acsc3(z) sin2(z)

[Out] -2/3*cot(x)/(a*csc(x)~3)"(1/2)-2/3*(sin(1/4*Pi+1/2*x)"2)~(1/2)/sin(1/4%Pi+1
/2%x)*E1lipticF (cos (1/4*%Pi+1/2%x),27(1/2))/sin(x)~(3/2)/(a*csc(x)~3)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 50, normalized size of antiderivative = 1.00, number of

number of rules _ 4 400
’ integrand size ’

steps used = 4, number of rules used = 4, integrand size = 10
Rules used = {4208, 3854, 3856, 2720}

2 cot(x) 2F (% —£|2)

- _ 4
3y/acsc3(x)  3sinz (z)/acsc3(z)

Antiderivative was successfully verified.
[In] Int[1/Sqrt[a*Csc[x]~3],x]

[Out] (-2*Cot[x])/(3*Sqrt[a*Csc[x]~3]) - (2*EllipticF[Pi/4 - x/2, 2])/(3*Sqrt[a*C
sc[x]~3]1%Sin[x]~(3/2))

Rule 2720

Int[1/Sqrtlsin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)x(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
bxCscl[c + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b~2*n), Int[(bx*Cscl[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4208

Int[((b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x]) ~ (n*FracPart



[p])), Int[(c*Secle + f*xx])~(n*p), x],
& !'IntegerQ[p]

Rubi steps

238

x] /; FreeQ[{b, c, e, f, n, p}, x] &

| 7= P e G ol
a csc3(x) a csc? (m)
2 cot(z) + —csc(z))%2 [ W dz
3+v/acsc3(x) 3v/acsc3(z
dx
2 cot(z) sin(z)
3\/acsc3(x 3\/acsc3 ) sinz(z
2F (% — -} 2)

2 cot(z)

_3\/acsc3(x)

Mathematica [A]

3/ acsc3 smz

time = 0.06, size = 38, normalized size = 0.76

—2cot(x) —

2F (3 (m—2z)|2)

3
sin2 (z)

3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[axCsc[x]~3],x]
[Out] (-2%Cot[x] - (2*EllipticF[(Pi
31)

Maple [C] Result contains complex when

acsc3(x)

- 2xx)/4, 2])/Sin[x]17(3/2))/(3*Sqrt [a*xCsc[x]~

optimal does not.

time = 0.16, size = 125, normalized size = 2.50

method | result
i sin(z) __i(cos(z)-1) f __icos(z)—sin(z)—i i EllipticF i cos(z)+sin(z)—1 f 7 cos(a:)'+sin(a:) —1q 42
" sin(z) T sin(z) sin(z) sin(z)
default | — :
6(cos(z)—1) \/_W sin(z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*csc(x)~3)~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/6*(I*sin(x)*(-I*(cos(x)-1)/sin(x))~(1/2)*2~(1/2)*(-(I*cos(x)-sin(x)-I)/s
in(x))~(1/2)*EllipticF(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2*2~(1/2))*((I*
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cos(x)+sin(x)-I)/sin(x) )~ (1/2)+2*cos(x) ~2-2*cos(x))/(cos(x)-1)/(-2/sin(x) /(
cos(x)"2-1)*a)~(1/2)/sin(x)*8~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~3)~(1/2),x, algorithm="maxima")

[Out] integrate(1/sqrt(a*csc(x)~3), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.88, size = 68, normalized size = 1.36

2 (cos (z)* — cos (z)) —m — i V2i a weierstrassPInverse(4, 0, cos () + 4 sin (z)) + ¢ v/ —2i a weierstrassPInverse(4, 0, cos (x) — 4 sin (z))

3a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~3)~(1/2),x, algorithm="fricas")

[Out] 1/3*%(2*(cos(x)~3 - cos(x))*sqrt(-a/((cos(x)"2 - 1)*sin(x))) - Ixsqrt(2*Ix*a)
xweierstrassPInverse(4, 0, cos(x) + I*sin(x)) + Ixsqrt(-2*xI*a)*weierstrassP
Inverse(4, 0, cos(x) - I*sin(x)))/a

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ﬁd&c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)**3)**x(1/2),x)
[Out] Integral(1l/sqrt(axcsc(x)**3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~3)~(1/2),x, algorithm="giac")
[Out] integrate(1/sqrt(a*csc(x)~3), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

v
/ \/ sin (z)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)"3)~(1/2),x)
[Out] int(1/(a/sin(x)~3)~(1/2), x)
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3.59 f( s dx

acsc3(z))
Optimal. Leaf size=79

l4cos(z) 4E(% - %|2) _ 2cos(z) sin®(z)

_45a\/ acsc3(z)  15a\/acsc3(x) sin2(z)  9a\/acsc3(x)

[Out] -14/45%cos(x)/a/(a*csc(x)~3)~(1/2)-14/15%(sin(1/4%Pi+1/2%x)~2)~(1/2)/sin(1/
4*Pi+1/2*x)*EllipticE(cos (1/4*Pi+1/2*x),27(1/2))/a/sin(x) ~(3/2)/(a*csc(x) "3
)~ (1/2)-2/9%cos (x) *sin(x) ~2/a/(a*xcsc(x)~3)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 79, normalized size of antiderivative = 1.00, number of

number of rules _ 400
’ integrand size ’

steps used = 5, number of rules used = 4, integrand size = 10
Rules used = {4208, 3854, 3856, 2719}

l4cos(z)  2sin’*(z)cos(x) 4E(Z —2|2)

~ 45a\/acscd (z) 9a+/a csc3(x) * 15asin} (z)\/acscd(z)

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~3)~(-3/2),x]

[Out] (-14#Cos[x])/(45*a*Sqrt[a*xCsc[x]~3]) - (14xEllipticE[Pi/4 - x/2, 2])/(15*ax
Sqrt [a*xCsc[x]~3]*Sin[x]1~(3/2)) - (2xCos[x]*Sin[x]~2)/(9*axSqrt[a*Csc[x]~3])

Rule 2719

Int[Sqrt[sinl(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/d)*EllipticE[(1/2)*
(c - Pi/2 + d*x), 2], x] /; FreeQ[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csclc + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b"2*n), Int[(b*Cscl[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d#*x]
)~n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]~n, x], x] /; FreeQ[{b, c, d}, x] &
EqQ[n~2, 1/4]

Rule 4208
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Int[((b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x]) ~ (n*FracPart
[p])), Int[(c*Secle + f*x])~(n*p), x], x] /; FreeQ[{b, c, e, £, n, p}, x] &
& !IntegerQ[p]

Rubi steps

/ 1 e @ e d
(a csc®(z))*? a \/m
_ 2cos(z)sin’(z) (7(=esc(2))*?) [ W dz
9a/a 05 (@) oo |
14cos(z)  2cos(z) sin?(z) B (7(= ese(2))") | V/—csc(z) d
45a+\/acsc3(z)  9ar/acscd(z) 15a+/a csc3(z)
14cos(z)  2cos(w)sin’(x) N 7 [ /sin(z) dx
45a+/acsc3 () 9ar/acsc(z)  15av/acscd(z) sin? ()

l4cos(z) 4E(Z —2|2) _ 2cos(z) sin®(x)

45a+/a csc(x) 15a\/acsc3(z) s1n%( ) 9a+/acscd(z)

Mathematica [A]
time = 0.11, size = 52, normalized size = 0.66

—84E(1(m — 2z)| 2) + (—33 cos(z) + 5 cos(3z)) sin2 (z)
90 (a csc?’(a:))?’/2 sin (z)

Antiderivative was successfully verified.

[In] Integrate[(a*Csc[x]"3)~(-3/2),x]

[Out] (-84#EllipticE[(Pi - 2*x)/4, 2] + (-33*Cos[x] + 5*Cos[3*x])*Sin[x]~(3/2))/(
90* (a*Csc[x]~3)~(3/2)*Sin[x]~(9/2))

Maple [C] Result contains complex when optimal does not.
time = 0.17, size = 349, normalized size = 4.42

method | result

sin(z) sin(z) sin(z) sin(z)

default

(42c05(w)\/ e \/_M EllipticE< L) \/F> el V2 -
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*csc(x)~3)~(3/2),x,method=_RETURNVERBOSE)

[Out] -1/45*(42*cos(x)*((-I*cos(x)+sin(x)+I)/sin(x))~(1/2)*(-I*(cos(x)-1)/sin(x))
~(1/2)*E1lipticE(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%27(1/2))*((I*cos(x)
+sin(x)-I)/sin(x))~(1/2)*2"(1/2)-21*cos (x)* ((-I*cos(x)+sin(x)+I)/sin(x))~ (1
/2)*E1lipticF(((I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2%x2~(1/2))*(-I*(cos(x)-1
)/sin(x))~(1/2) *((I*cos(x)+sin(x)-I)/sin(x))~(1/2)*2~(1/2)+10*cos (x) ~5+42*(
(-Ixcos(x)+sin(x)+I)/sin(x))~(1/2)*(-I*(cos(x)-1)/sin(x))~(1/2)*EllipticE((
(I*cos(x)+sin(x)-I)/sin(x))~(1/2),1/2*x2°(1/2))*((I*cos(x)+sin(x)-I)/sin(x))
~(1/2)*27(1/2)-21*((-I*cos(x)+sin(x)+I) /sin(x) )~ (1/2)*EllipticF (((I*cos(x)+
sin(x)-I)/sin(x))~(1/2),1/2%2"(1/2))*(-I*(cos(x)-1)/sin(x) )~ (1/2)*((I*cos(x
Y+sin(x)-I)/sin(x))~(1/2)*2"(1/2)-34*cos(x) ~3+66*cos(x)-42)/(-2/sin(x)/(cos
(x)~2-1)*a)~(3/2) /sin(x) ~5%8~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~3)~(3/2),x, algorithm="maxima")
[Out] integrate((a*xcsc(x)~3)~(-3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.60, size = 84, normalized size = 1.06

. [
2 (5 cos (2)° — 17 cos (2)* + 12 cos (z)) , |— sin (z) — 21 v/2i o 'weierstrassZeta(4, 0, weierstrassPInverse(4, 0, cos () + i sin (z))) — 21 V—2i a wei ta(4, 0, weierstrassPInverse(4, 0, cos (z) — 4 sin (z)))

a
\,‘ (cos (z)” — 1) sin (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~3)~(3/2),x, algorithm="fricas")

[Out] -1/45%(2*%(5%cos(x)~5 - 17*cos(x)~3 + 12xcos(x))*sqrt(-a/((cos(x)"2 - 1)*sin
(x)))*sin(x) - 21*sqrt(2+I*a)*weierstrassZeta(4, 0, weierstrassPInverse(4,

0, cos(x) + I*sin(x))) - 21xsqrt(-2*xIxa)*weierstrassZeta(4, 0, weierstrassP
Inverse(4, 0, cos(x) - I*sin(x))))/a"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ (acsc3 (z))? o
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)**3)**(3/2),x)
[Out] Integral((axcsc(x)**3)**x(-3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(a*csc(x)~3)~(3/2),x, algorithm="giac")
[Out] integrate((a*csc(x)~3)7(-3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

i

sin(z)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)~3)~(3/2),x)
[Out] int(1/(a/sin(x)~3)"(3/2), x)
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3.60 f( L d

aCSc3(x))5/2
Optimal. Leaf size=123

26 cot(z) 26F (2 —Z|2) 78 cos(z)sin(z)  26cos(z)sin®*(z)  2cos(z)sin®(z)

7742 Vv acsc3(z) 7742 Vacscd(z) sin2(z) 385a2+/acsc3(z) 16502 Vacscd(z) ~ 15q2 Vacscd(z)

[Out] -26/77*cot(x)/a"2/(a*csc(x)~3)~(1/2)-26/77*(sin(1/4*Pi+1/2*x)~2)~(1/2)/sin(
1/4%Pi+1/2%x)*E1llipticF (cos(1/4*Pi+1/2%x),27(1/2))/a~2/sin(x)~(3/2)/(axcsc(
x)~3)~(1/2)-78/385*cos (x) *sin(x)/a"~2/(a*xcsc(x)~3)~(1/2)-26/165*%cos(x)*sin(x
)~3/a"2/(axcsc(x)~3)~(1/2)-2/15*cos(x) *sin(x)~5/a~2/(a*csc(x)~3)~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 123, normalized size of antiderivative = 1.00, number of

number of rules _ o 400,

steps used = 7, number of rules used = 4, integrand size = 10, = :
integrand size

Rules used = {4208, 3854, 3856, 2720}

26cot(z)  2sin’(z)cos(z)  26sin’(z)cos(z)  78sin(z)cos(zr) 26F (% — £|2)

x Vacsed(z)  15a2\/acsc3(z)  165a2\/acscd(z)  385a%+/acsc3(z)  T7a2sin?(z)\/acscd(z)

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~3)~(-5/2),x]

[Out] (-26%Cot[x])/(77*a~2xSqrt[a*Csc[x]~3]) - (26*EllipticF[Pi/4 - x/2, 2])/(77*
a~2xSqrt [axCsc[x] "3]*Sin[x]~(3/2)) - (78*Cos[x]*Sin[x])/(385*a~2*Sqrt[a*Csc
[x]73]) - (26%Cos[x]*Sin[x]~3)/(165%a~2*Sqrt[a*Csc[x]~3]) - (2xCos[x]*Sin[x
1°5)/(15%a~2*Sqrt [a*Csc [x] ~3])

Rule 2720

Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/d)*EllipticF[(1/2
)¥(c - Pi/2 + d*x), 2], x] /; FreeQl[{c, d}, x]

Rule 3854

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Csc[c + d*x])~(n + 1)/(b*d*n)), x] + Dist[(n + 1)/(b~2*n), Int[(b*Csc[c +
d*x])~(n + 2), x], x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]

Rule 3856

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csclc + d*x]
)"n*Sin[c + d*x]"n, Int[1/Sin[c + d*x]"n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]



Rule 4208

246

Int[((b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x]) ~ (n*FracPart
[p1)), Int[(c*Secle + f*x])~(n*p), x], x] /; FreeQ[{b, c, e, £, n, p}, x] &

& !IntegerQ[p]

Rubi steps
/ L e GO o ik
(acsc3(z))? a?+/acsc3(x)

Mathematica [A]

2 cos(z) sin®(x) (13(=esc(x))*?) [ W dx

15a2+/a csc?(x) 15a2+/a csc3(z)

26 cos(z)sin’(z)  2cos(x) sin®(z) (39(— csc(x))*?) [ W dx

165a2v/acsc®(z)  15a2+/acsc3(x) 55a2+/a csc3(x)

78cos(z)sin(z)  26cos(z)sin’(z)  2cos(z)sin’(z) (39(=csc())*?) [ {

385a%v/acsc3(z)  165a%+/acsc®(x)  15a2+/acscd(z) 77a2\/a csc?
26 cot(x) 78 cos(z) sin(x) 26 cos(z)sin®(z)  2cos(z)sin®(z) |
7702/ acsc3(x) ~ 385a2\/a csc3(x) ~ 165a2+/acsc? (z)  15a2\/a csc3(x) _
26cot(z)  T8cos(x)sin(z)  26cos(z)sin’(z)  2cos(z)sin’(z) e
77a2\/acsc3(z)  385a2\/acsc3(z)  165a2+\/acsc3(z) 1542+ acscd(z) 7
26 cot(x) 26F (5 —2|2) 78 cos(x) sin(x) 26 cos(z) sin

77a%+\/acsc3(x)  T7a? Vacscd(z) sin?(z) ~ 385a2+/a csc? (x) ~ 165a2 V acscd

time = 0.16, size = 63, normalized size = 0.51

Vacse3(z) ﬁn(z)(24960F(%(w——2x)‘2)\/shﬁx) 4—19122sh(2x)——4406shﬂ4z)4—826shﬂ6w)——77shﬁ8x))

73920a®

Antiderivative was successfully verified.

[In] Integratel[(axCsc[x]~3)~(-5/2),x]

[Out] -1/73920%(Sqrt[a*Csc[x]~3]*Sin[x]*(24960*E1lipticF[(Pi - 2*x)/4, 2]*Sqrt[Si
n[x]] + 19122*Sin[2*x] - 4406*Sin[4+*x] + 826*Sin[6*x] - 77*Sin[8%x]))/a"3

Maple [C] Result contains complex when optimal does not.
time = 0.18, size = 158, normalized size = 1.28
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method | result

2(-194(cost o) 41000 [ SSCGEBEI 7 [ielpemlaltt | [ U (el

1155(cos(z)—1) (— —

default

sin(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*csc(x)~3)"(5/2),x,method=_RETURNVERBOSE)

[Out] -2/1155%(-154*cos(x)~8+195%I*2~(1/2)*sin(x)*E1llipticF(((I*cos(x)+sin(x)-I)/
sin(x))~(1/2),1/2%2"(1/2) ) *((-I*cos(x)+sin(x)+I)/sin(x)) ~(1/2)*((I*cos(x)+s
in(x)-I)/sin(x))~(1/2)*(-I*(cos(x)-1)/sin(x)) ~(1/2)+154*cos(x) “7+644*cos (x)
~6-644*cos (x) ~5-1060*cos (x) “4+1060*cos (x) ~3+960*cos (x) "2-960*cos (x) )/ (cos(x
)-1)/(-2/sin(x)/(cos(x)"2-1)*a)~(5/2) /sin(x)~7*8~(1/2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~3)~(5/2),x, algorithm="maxima")
[Out] integrate((a*csc(x)~3)~(-5/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 1.19, size = 88, normalized size = 0.72

a

W + 195i V2i a weierstrassPInverse(4, 0, cos (z) + i sin (z)) — 195i v/—2i a weierstrassPInverse(4, 0, cos (z) — i sin (z))
cos () — 1) sin (

2 (77 cos (z)° — 399 cos (z)” + 852 cos ()’ — 1010 cos (z)* + 480 cos (z)) \/—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~3)~(5/2),x, algorithm="fricas")

[Out] -1/1155%(2*(77*cos(x)~9 - 399*cos(x)~7 + 852*cos(x)”5 - 1010*cos(x)~3 + 480
xcos (x) ) *sqrt(-a/((cos(x)”"2 - 1)*sin(x))) + 195*%I*sqrt(2xI*a)*weierstrassPI
nverse(4, 0, cos(x) + I*sin(x)) - 195*I*sqrt(-2*I*a)*weierstrassPInverse(4,

0, cos(x) - I*sin(x)))/a"3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ (s @)L

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1/(a*csc(x)**3)**(5/2),x)
[Out] Integral((axcsc(x)**3)**x(-5/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(a*csc(x)~3)~(5/2),x, algorithm="giac")
[Out] integrate((a*csc(x)~3)~(-5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
vl
(w7)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)~3)"(5/2),x)
[Out] int(1/(a/sin(x)~3)~(5/2), x)

248
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3.61 [ (a csci(z))? du

Optimal. Leaf size=164
3 i(z 3 1 20 3 o 5 1 5 3
—2a? cos®(z) cot(x) /a csct(z) —3a® cos?(x) cot®(x) \/a csct(x) — @ cos (x) cot’(z) \/a csct(x) —ga co

[Out] -2*a~3*cos(x) ~2*cot (x)*(a*csc(x)~4)~(1/2)-3*%a"3*cos(x) “2*cot (x) ~3*(a*xcsc(x)
~4)~(1/2)-20/7*a"3*cos (x) “2*cot (x) “5* (a*xcsc(x) ~4)~(1/2)-5/3*a~3*cos (x) "2*co

t(x) "7*(axcsc(x)~4)~(1/2)-6/11*a"3*cos (x) “2*cot (x) "9* (axcsc(x)~4)~(1/2)-1/1
3*a~3*cos (x) "2*cot (x) "11*(a*xcsc(x) "4)~(1/2)-a"3*cos(x) *sin(x)*(a*xcsc(x)~4)~

(1/2)

Rubi [A]
time = 0.03, antiderivative size = 164, normalized size of antiderivative = 1.00, number of

number of rules — 0.200,
integrand size

steps used = 3, number of rules used = 2, integrand size = 10,
Rules used = {4208, 3852}

113 2(2) ot} (z) y/acsol (@)’ —%aBCOSZ(z) cot’(z) v/aesch(@) —gaﬂcos2(z) cot’(z) V/aesoh (@ -?aﬂmﬁ(z)coﬁ(z) Vaeci (@) — 3® cos?(z) cot’ () v/a el (@), — 2a® cos?(z) cot(x) /2o (@)’ — o sin(z) cos(z) v/acs0 (@)

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~4)~(7/2),x]

[Out] -2*a~3*Cos[x]~2*Cot [x]*Sqrt[a*Csc[x]~4] - 3*a~3*Cos[x] “2*Cot [x] “3*xSqrt [a*Cs
c[x]~4] - (20*a~3*Cos[x]~2*Cot [x] "5*Sqrt [a*xCsc[x]~4])/7 - (5*a~3*Cos[x]~2%C
ot [x] “7*Sqrt [a*Csc[x]~4])/3 - (6xa~3*Cos[x] "2*Cot [x] “9*Sqrt [a*Csc[x]~4])/11

- (a™3*Cos[x] ~2#Cot [x] “11*Sqrt [a*Csc[x]~4]) /13 - a~3*Cos[x]*Sqrt[a*Csc[x]~
4]*Sin[x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 4208

Int[((b_.)*((c_.)*sec[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p]*((b*(c*Sec[e + f*x]) n) FracPart[p]/(c*Sec[e + f*x])~ (n*FracPart
[p])), Int[(c*Secle + f*x]) (n*p), x], x] /; FreeQ[{b, c, e, f, n, p}, x] &
& !IntegerQ[p]

Rubi steps
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/ (a csc4(z))7/ ?dr = <a3 acsci(z) sinz(a;)> / csc't(z) dx
- <(a3 acsct(x) sinz(x)> Subst (/ (1+ 62 + 152" + 20z° + 152° + 62'° + z'%)

acsct(x) — 3a® cos®(x) cot’(z)\/acsci(z) — a cos?(z) cot’

= —2a° cos®(r) cot(x)

Mathematica [A]
time = 0.08, size = 59, normalized size = 0.36

)v/acsc(z) (1024 + 512 csc®(x) + 384 csct(x) + 320 csc®(z) + 280 csc®(z) + 252 cscl®(z) + 231 cscl?(x)) sin(z)

a cos(z
3003

Antiderivative was successfully verified.

[In] Integratel[(a*Csc[x]~4)~(7/2),x]
[Out] -1/3003*(a~3*Cos [x]*Sqrt[a*Csc[x]~4]1*(1024 + 512%Csc[x] "2 + 384*Csc[x]"4 +
320*Csc[x] "6 + 280*Csc[x]~8 + 252*Csc[x]~10 + 231*Csc[x]~12)*Sin[x])

Maple [A]
time = 0.24, size = 53, normalized size = 0.32

method | result
(1024 (cos'2(x)) —6656 (cos'O(z))+18304(cos®(z)) —27456 (cos® (z) ) +24024 (cos* (z) ) —12012(cos?(z) ) +3003) cos(z) sin(z) (Sm =5

default | — 3003

4ix . . . .
2048ia3 (e;j_ Ty (1716 1017 1287 3i% 1715 £6i% 286 4i% —134-79 cos(2x)+ 774 sin(2))

risch ,
s¢ 3003(e2iz—1)11

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*csc(x)~4)~(7/2),x,method=_RETURNVERBOSE)
[Out] -1/3003%(1024*cos(x) ~12-6656%cos (x) ~10+18304*cos (x) ~8-27456%*cos (x) ~6+24024%
cos(x)~4-12012*cos (x) ~2+3003) *cos (x) *sin(x)*(a/sin(x) ~4) ~(7/2)

Maxima [A]
time = 0.47, size = 66, normalized size = 0.40

3003 a2 tan ()" + 6006 a2 tan ()" + 9009 az tan (z)® + 8580 az tan (z)® + 5005 a7 tan (z)* + 1638 a2 tan (z)® + 231 a2
3003 tan ()"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(7/2),x, algorithm="maxima")
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[Out] -1/3003*(3003*a”~(7/2)*tan(x)~12 + 6006*a~(7/2)*tan(x) 10 + 9009*a~(7/2)*tan
(x)78 + 8580*a~(7/2)*tan(x)”~6 + 5005*a~(7/2)*tan(x)~4 + 1638*a~(7/2)*tan(x)

~2 + 231*a”~(7/2))/tan(x)"13

Fricas [A]
time = 3.85, size = 118, normalized size = 0.72

(1024 a3 cos (x)" — 6656 a* cos (z)™ + 18304 a® cos (x)° — 27456 a* cos (z)” + 24024 a® cos (z)° — 12012 a? cos (z)° + 3003 a® cos (z)) %
cos (z)* — 2 cos (z)” +1

3003 (cos ()" — 5 cos (z)* + 10 cos ()° — 10 cos (z)* + 5 cos (z)* — 1) sin ()
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(7/2),x, algorithm="fricas")

[Out] 1/3003%(1024*a~3*cos(x)~13 - 6656*a~3*cos(x)~11 + 18304*a~3*cos(x)"9 - 2745
6*a~3*cos(x)”7 + 24024*a~3*cos(x)”5 - 12012*a"3*cos(x)~3 + 3003*a~3*cos(x))
*xsqrt(a/(cos(x)~4 - 2*cos(x)”"2 + 1))/((cos(x)~10 - 5*cos(x)~8 + 10*cos(x)~6

- 10*cos(x)"4 + 5*cos(x)"2 - 1)*sin(x))

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcsc(x)**4)**x(7/2),x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3060 deep

Giac [A]
time = 0.47, size = 69, normalized size = 0.42

(3003 a? tan ()" + 6006 a* tan (z)'® + 9009 a® tan (z)® + 8580 a® tan (z)° + 5005 a® tan (z)* + 1638 a® tan (z)* + 231a°) va'
3003 tan (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(7/2),x, algorithm="giac")

[Out] -1/3003*(3003*a~3*tan(x) 12 + 6006*a~3*tan(x)~10 + 9009*a~3*tan(x)~8 + 8580
*a~3*tan(x) "6 + 5005*%a~3xtan(x) 4 + 1638*a~3*tan(x) "2 + 231*a~3)*sqrt(a)/ta

n(x)~13

Mupad [B]
time = 5.05, size = 603, normalized size = 3.68

i

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a/sin(x)~4)~(7/2),x)

[Out] (a~3*(a/((exp(-x*1i)*1i)/2 - (exp(x*1i)*1i)/2)~4)~(1/2)*(6*exp(x*4i) - 4xex
p(x*2i) - 4xexp(x*6i) + exp(x*8i) + 1)*2048i)/(7*(exp(x*2i) - 1) 7*(exp(x*2
i) - 2%exp(x*4i) + exp(x*6i))) + (a~3*(a/((exp(-x*1i)*1i)/2 - (exp(x*1i)*1i
)/2)"4) " (1/2)*(6xexp(x*4i) - 4*xexp(x*2i) - 4*exp(x*6i) + exp(x*8i) + 1)*153
61)/((exp(x*2i) - 1)"8*(exp(x*2i) - 2*exp(x*4i) + exp(x*6i))) + (a~3*(a/((e
xp(—x*11)*1i) /2 - (exp(x*1i)*1i)/2)~4)~(1/2)*(6*exp(x*4i) - 4*exp(x*2i) - 4
xexp (x*¥61i) + exp(x*8i) + 1)*10240i)/(3*(exp(x*2i) - 1)79x(exp(x*2i) - 2xexp
(x*4i) + exp(x*6i))) + (a~3x(a/((exp(-x*1i)*1i)/2 - (exp(x*1i)*1i)/2)"4)~(1
/2)*(6xexp(x*4i) - 4xexp(x*2i) - 4¥exp(x*6i) + exp(x*8i) + 1)*4096i)/((exp(
x*x2i) - 1)710*(exp(x*2i) - 2*exp(x*4i) + exp(x*6i))) + (a~3x(a/((exp(-x*1i)
*11)/2 - (exp(x*1i)*1i)/2)74)~(1/2)*(6*%exp(x*4i) - 4*exp(x*2i) - 4*exp(x*6i
) + exp(xx8i) + 1)*307201i)/(11*(exp(x*2i) - 1)~11*x(exp(x*2i) - 2*exp(x*4i)
+ exp(x*6i))) + (a”3x(a/((exp(-x*1i)*1i)/2 - (exp(x*1i)*1i)/2)~4)~(1/2)*(6%
exp(x*4i) - 4xexp(x*2i) - 4*exp(x*6i) + exp(x*8i) + 1)*1024i)/((exp(x*2i) -

1) 12x(exp(x*2i) - 2%exp(x*4i) + exp(x*6i))) + (a~3*(a/((exp(-x*1i)*1i)/2
- (exp(x*1i)*1i)/2)74)~(1/2)*(6*exp(x*4i) - 4*exp(x*2i) - 4*exp(x*6i) + exp
(xx81) + 1)%20481i)/(13*(exp(x*2i) - 1)~ 13*(exp(x*2i) - 2xexp(x*4i) + exp(x*
6i)))
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3.62 [ (a csci(z))*? da

Optimal. Leaf size=118

4 4 1
——a? cos?(z) cot(z)\/a csc(z) —gaz cos?(z) cot®(x) \/a csct(x) —?a2 cos?(z) cot®(x) \/a csct(x) —§a2 co

[Out] -4/3*a~2%cos(x) ~2*cot (x)* (a*csc(x)~4)~(1/2)-6/5%a~2*cos(x) ~2*cot (x) ~3*(a*cs
c(x)"4)~(1/2)-4/7*a"2xcos (x) ~2*cot (x) “5*(axcsc(x)~4)~(1/2)-1/9%a"2*cos(x) "2

*xcot (x) ~7*(a*xcsc(x)~4)~(1/2)-a"2*cos(x)*sin(x)*(a*xcsc(x)~4)~(1/2)

Rubi [A]

time = 0.02, antiderivative size = 118, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.200,

steps used = 3, number of rules used = 2, integrand size = 10,
Rules used = {4208, 3852}

7%(12 cos?(z) cot”(z) \/acsct(z) — %tﬁ cos?(z) cot®(z) /acsct(z) — gaz cos?(z) cot®(z) \/acsct(z) — %tﬁ cos?(z) cot(z) /acsct(z) — a?sin(z) cos(x) \/a csct(z)

Antiderivative was successfully verified.
[In] Int[(a*Csc[x]~4)~(5/2),x]

[Out] (-4*a~2xCos[x]~2*Cot [x]*Sqrt[a*xCsc[x]~4])/3 - (6*%a~2*Cos[x] “2*Cot [x] ~3*Sqrt
[a*Csc[x]~4])/5 - (4*a~2*Cos[x]~2*Cot[x] ~5*Sqrt[a*Csc[x]~4])/7 - (a~2xCos[x
172xCot [x] “7*Sqrt [a*Csc[x] "4]) /9 - a~2*Cos[x]*Sqrt [a*xCsc[x] ~4]*Sin[x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 4208

Int[((b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x])~ (n*FracPart
[p])), Int[(c*Secle + f*x])~(n*p), x], x] /; FreeQ[{b, c, e, £, n, p}, x] &
& !IntegerQ([p]

Rubi steps

/ (acsc4(x))5/ 2 dr = (az\/m sin2(x)> / csc'?(x) dx

=—<(a2 acsct(x) sinQ(x) Subst / (1+ 42® + 62" + 42° + 3°) dz, z, cot(z )))

4 5

=—30 cos®(z) cot(z) \/acsct(z) — gaz cos?(z) cot®(x) \/acsct(z) — a 2 cos?(z) cot
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Mathematica [A]
time = 0.05, size = 47, normalized size = 0.40

—3%63 cos(z)\/acsct(z) (128 + 64 csc®(z) + 48 esc*(z) + 40 esc®(z) + 35 esc®(x)) sin(z)

Antiderivative was successfully verified.

[In] Integratel[(a*Csc[x]~4)~(5/2),x]
[Out] -1/315%(a~2*Cos [x]*Sqrt[a*xCsc[x]~4]*(128 + 64*Csc[x]~2 + 48*Csc[x]~4 + 40xC
sc[x]"6 + 35%Csc[x]~8)*Sin[x])

Maple [A]
time = 0.15, size = 41, normalized size = 0.35

method | result size
default _ (128(cos®(z)) —576 (cos®(z)) +1008(cos4(a:);1—5840 (cos?(z))+315) cos(z) sin(z) (ﬁ)% 41

] 256ia2 (GZ%ZY (126 €54 —84 e4® —9+-37 cos(2x) +35¢ sin(2x))
risch S15(e 1) 63

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*xcsc(x)~4)~(5/2),x,method=_RETURNVERBOSE)
[Out] -1/315%(128*cos(x) "8-576*cos(x) "6+1008*cos (x) ~4-840*cos (x) ~2+315) *cos (x) *si
n(x)*(a/sin(x)~4)~(5/2)
Maxima [A]
time = 0.49, size = 48, normalized size = 0.41
315 a3 tan (z)® + 420 a3 tan (z)° + 378 a2 tan (z)* + 180 a2 tan (z)* + 3543
315 tan (z)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(5/2),x, algorithm="maxima")
[Out] -1/315%(315%a~(5/2)*tan(x)~8 + 420%a~(5/2)*tan(x)"6 + 378*a~(5/2)*tan(x) "4
+ 180*a~(5/2)*tan(x) "2 + 35%a~(5/2))/tan(x)"9

Fricas [A]
time = 2.63, size = 88, normalized size = 0.75

a
cos (z)* — 2 cos (z)* + 1

(128 a2 cos (z)° — 576 a2 cos ()" + 1008 a? cos (z)° — 840 a? cos (z)° + 315 a? cos (z)) \/

315 (cos (2)° — 3 cos (z)* + 3 cos (z)* — 1) sin (z)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(5/2),x, algorithm="fricas")

[Out] 1/315%(128*a~2%cos(x)”9 - 576*%a"2%cos(x)”7 + 1008*a~2%cos(x)”5 - 840%a~2*co
s(x)~3 + 315*a~2xcos(x))*sqrt(a/(cos(x)~4 - 2*cos(x)"2 + 1))/((cos(x)"6 - 3
*cos(x)"4 + 3*xcos(x)"2 - 1)*sin(x))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acsc* (gv))g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)**4)*x(5/2),%x)
[Out] Integral((a*csc(x)**4)*x(5/2), x)
Giac [A]
time = 0.57, size = 51, normalized size = 0.43
(315a?tan (z)° + 420 a? tan (z)° + 378 a? tan (z)* + 180 a? tan (z)° + 3542) va'
315 tan (z)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(5/2),x, algorithm="giac")
[Out] -1/315%(315*%a~2*tan(x) "8 + 420*a~2xtan(x) 6 + 378xa"2*tan(x)~4 + 180*a"2*ta
n(x)~2 + 35%a~2)*sqrt(a)/tan(x)"9
Mupad [B]
time = 2.42, size = 121, normalized size = 1.03
128 a®/% (€746 1i — €481 i + ¢ 01 36] — €” 7% 84i 4 " **1 126i)
315 (%“1 + %2‘ — 1) (em481 — 7 w50 4 9] @752 _ 35 w54 4 35561 — 2] ev58i | 7 v 60i _ v 62i)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~4)~(5/2),x)

[Out] (128*a~(5/2)*(exp(x*46i)*1i - exp(x*48i)*9i + exp(x*50i)*36i - exp(x*52i)*8
4i + exp(x*541i)*1261i))/(315*(exp(-x*21)/2 + exp(x*2i)/2 - 1)*(exp(x*48i) -
7Txexp(x*%50i) + 21%exp(x*52i) - 3b5*exp(x*54i) + 35%exp(x*56i) - 21*exp(x*58i

) + T*xexp(x*60i) - exp(x*62i)))
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3.63 [ (a csci(z))*? du

Optimal. Leaf size=62

- ga cos?(z) cot(z) \/acsct(z) — %a cos?(z) cot®(x) /acsct(x) —acos(z)\/acsci(z) sin(x)

[Out] -2/3*a*cos(x) "2*cot (x)*(a*csc(x)~4)~(1/2)-1/5*a*xcos (x) ~2*cot (x) ~“3*(a*csc(x)
~4)~(1/2)-a*cos(x)*sin(x)*(a*xcsc(x)"4)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 62, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.200,

steps used = 3, number of rules used = 2, integrand size = 10
Rules used = {4208, 3852}

1 2 3 4 2 2 4 : 4
—gacos (z) cot®*(z)\/acsct(z) — gacos (z) cot(z)\/acsct(z) — asin(z)cos(z)+/acsct(z)

Antiderivative was successfully verified.

[In] Int([(a*Csc[x]~4)~(3/2),x]

[Out] (-2*a*Cos[x]~2*Cot [x]*Sqrt[a*xCsc[x]~4])/3 - (a*Cos[x]~2*Cot [x] "3*Sqrt [a*Csc
[x]1~4]1)/5 - axCos[x]*Sqrt[a*Csc[x]~4]*Sin[x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 4208

Int[((b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x])~ (n*FracPart
[p])), Int[(c*Secle + f*x])~(n*p), x], x] /; FreeQ[{b, c, e, £, n, p}, x] &
& !IntegerQ[p]

Rubi steps

/ (a csc4(x))3/ ? dx (am sin2(:1:)> / csc’(z) dx
=— (a\/m sinz(m)> Subst (14 22* 4+ z*) dz, z, cot(z)
2

=—30 cos?(z) cot(z)\/acsci(z) — %a cos?(z) cot®(x) /acsct(z) — acos(x)\/acsc(a
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Mathematica [A]
time = 0.02, size = 33, normalized size = 0.53

——acos(z)\/acsct(z) (8 + 4csc’(z) + 3cesc’(z)) sin(z)

15
Antiderivative was successfully verified.

[In] Integrate[(a*Csc[x]~4)~(3/2),x]
[Out] -1/15%(a*Cos[x]*Sqrt[a*xCsc[x]~4]*(8 + 4xCsc[x]~2 + 3*Csc[x]~4)*Sin[x])

Maple [A]
time = 0.10, size = 29, normalized size = 0.47

method | result size
3
2

(8(cos*(z)) —20(cos?(x))+15) cos(z) sin(x) (ﬁ) 29

default | — 5
16ia (eg;‘i’l)4 (=5+11 cos(2x)+9i sin(2z))
risch 5@ 1) 47

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*xcsc(x)~4)~(3/2),x,method=_RETURNVERBOSE)
[Out] -1/15%(8*cos(x) ~4-20*cos(x) ~2+15) *cos(x)*sin(x)*(a/sin(x)~4)~(3/2)

Maxima [A]
time = 0.48, size = 30, normalized size = 0.48

1502 tan (z)* + 10 a2 tan (z)* + 3 a2
15 tan (z)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(3/2),x, algorithm="maxima")
[Out] -1/15%(15%a~(3/2)*tan(x) "4 + 10*a~(3/2)*tan(x)"2 + 3*a~(3/2))/tan(x)"5

Fricas [A]
time = 2.46, size = 52, normalized size = 0.84

(8acos (2)° — 20acos ()* + 15 a cos (z)) \/cos @) = 2acos (@2 +1

15 (cos (z)® — 1) sin (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(3/2),x, algorithm="fricas")
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[Out] 1/15%(8*a*cos(x)~5 - 20*a*cos(x)~3 + 15xa*xcos(x))*sqrt(a/(cos(x)~4 - 2*cos(
x)72 + 1))/((cos(x)"2 - 1)*sin(x))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acsc* (ac))g dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcsc(x)**4)**x(3/2),x)
[Out] Integral((axcsc(x)**4)**x(3/2), x)

Giac [A]
time = 0.47, size = 23, normalized size = 0.37

(15 tan (z)* + 10 tan (z)* + 3)a%
15 tan (z)°

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a*csc(x)~4)~(3/2),x, algorithm="giac")
[Out] -1/15%(15*tan(x)~4 + 10*tan(x)~2 + 3)*a~(3/2)/tan(x)"5

Mupad [B]
time = 0.67, size = 44, normalized size = 0.71

W2y 4% (2 sin(22)3—9 sin(22)+3 sin(4 w)+2i)
5 15
(cos(2z) — 1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~4)~(3/2),x)
[Out] ((a~(3/2)*8i)/15 - (4*a~(3/2)*(3*sin(4*x) - 9*sin(2*x) + 2*sin(2*x)~3 + 2i)

)/15)/(cos(2*x) - 1)°3



259

3.64 [ \/acsci(z) drx

Optimal. Leaf size=16
—cos(z)/acsct(z) sin(z)

[Out] -cos(x)*sin(x)*(a*csc(x)~4)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 16, normalized size of antiderivative = 1.00, number of

number of rules — 0.300,
integrand size

steps used = 3, number of rules used = 3, integrand size = 10,
Rules used = {4208, 3852, 8}

sin(z)(— cos(x))\/a csc*(z)

Antiderivative was successfully verified.

[In] Int([Sqrt[a*Csc[x]~4],x]

[Out] -(Cos[x]*Sqrt[a*Csc[x]~4]*Sin[x])

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, O]

Rule 4208

Int[((b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x]) ~ (n*FracPart
[p])), Int[(c*Secle + f*x])~(n*p), x], x] /; FreeQ[{b, c, e, £, n, p}, x] &
& !IntegerQ[p]

Rubi steps

/ vacsct(z) dr = < acsc4 sin? / csc?

_ _<(\/W sin (x)> Subst(/lda:,x, cot(x))>
= — cos(z)\/acsci(z) sin(x)



Mathematica [A]
time = 0.01, size = 16, normalized size = 1.00

—cos(z)+/acsci(z) sin(z)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a*Csc[x]~4],x]
[Out] -(Cos[x]*Sqrt[a*xCsc[x]~4]*Sin[x])

Maple [A]
time = 0.09, size = 18, normalized size = 1.12

method | result size

ﬁ cos(z) sin(z) V 16
—Y . 18

default
risch 24 ﬁ; (1—e %) |31

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*csc(x)~4)~(1/2),x,method=_RETURNVERBOSE)
[Out] -1/4*x(a/sin(x)~4)"(1/2)*cos(x)*sin(x)*16~(1/2)

Maxima [A]
time = 0.48, size = 9, normalized size = 0.56

Vva'

"~ tan (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(1/2),x, algorithm="maxima")
[Out] -sqrt(a)/tan(x)

Fricas [A]
time = 3.00, size = 24, normalized size = 1.50

- \/ g cos (z) sin (z)

cos (z)* — 2 cos (z)? + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(1/2),x, algorithm="fricas")
[Out] -sqrt(a/(cos(x)~4 - 2*cos(x)”2 + 1))*cos(x)*sin(x)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcsc(x)**4)**x(1/2),x)
[Out] Integral(sqrt(a*csc(x)**4), x)

Giac [A]
time = 0.44, size = 9, normalized size = 0.56

Va

"~ tan (z)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(x)~4)~(1/2),x, algorithm="giac")
[Out] -sqrt(a)/tan(x)

Mupad [B]
time = 0.18, size = 7, normalized size = 0.44

—+/a cot(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(x)~4)~(1/2),x)
[Out] -a~(1/2)*cot(x)
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3.65 dz

/ Vacsch(z)

Optimal. Leaf size=36
cot(z) z csc?(x)

- +
2\/acsct(z)  2+/acsct(x)

[Out] -1/2*cot(x)/(a*csc(x)~4)~(1/2)+1/2*x*csc(x) "2/ (axcsc(x)~4)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 36, normalized size of antiderivative = 1.00, number of

0, number of rules _ 0.300,
integrand size

steps used = 3, number of rules used = 3, integrand size = 1
Rules used = {4208, 2715, 8}

zesc’(x)  cot(x)

2\/acsct(z)  2+/acsct(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[a*Csc[x]~4],x]

[Out] -1/2%Cot[x]/Sqrt[a*Csc[x]~4] + (x*Csc[x]~2)/(2*Sqrt[a*Csc[x]~4])
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((bxSin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4208

Int[((b_.)*((c_.)*sec[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p]*((b*(c*Sec[e + f*x]) n) FracPart[p]/(c*Sec[e + f*x])~ (n*FracPart
[p])), Int[(c*Secle + f*x])~(n*p), x], x] /; FreeQ[{b, c, e, f, n, p}, x] &
& !'IntegerQ[p]

Rubi steps
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_csc?(z) [ sin®(z) do

dz
Vv acsct(z

Mathematica [A]

v acsct(z)

_ cot(z) csc?(z) [1dx
2\/acsct(z)  2+/acsci(x)
cot (x) z csc?(z)

2\/acsc4 2\/acsc4(:c)

time = 0.03, size = 25, normalized size = 0.69

— cot(z) + z csc?(z)

2+/acsct(z)

Antiderivative was successfully verified.

[In] Integratel[1/Sqrt[a*Csc[x]~4],x]
[Out] (-Cot[x] + x*Csc[x]~2)/(2*Sqrt[a*xCsc[x]~4])
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Maple [A]
time = 0.09, size = 24, normalized size = 0.67
method | result size
default cos(®) sin(z) —2 24
—2 sin(x)
\/sm(m)
risch — il 102
2\/ﬁ(e2az: 1) (e2zm 1) \/—4'(63219: 1) (e2zm 1) \/ﬁ(ehm 1) (Qsz 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*csc(x)~4)~(1/2),x,method=_RETURNVERBOSE)
[Out] -1/2*(cos(x)*sin(x)-x)/(a/sin(x)~4)~(1/2)/sin(x) "2

Maxima [A]

time = 0.49, size = 25, normalized size = 0.69

T

tan (z)

2va

- 2 (va tan (z)* + va')

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~4)~(1/2),x, algorithm="maxima")



264

[Out] 1/2*x/sqrt(a) - 1/2*tan(x)/(sqrt(a)*tan(x)”2 + sqrt(a))

Fricas [A]
time = 2.00, size = 46, normalized size = 1.28

Cccos(w)2“(COS(x)g"COS(x))ShICE)__x)\/cos(w)4-2a005($)24‘1

B 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~4)~(1/2),x, algorithm="fricas")
[Out] -1/2%(x*cos(x)~2 - (cos(x)~3 - cos(x))*sin(x) - x)*sqrt(a/(cos(x)”4 - 2*cos

(x)72 + 1))/a

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ S —
Vacsct (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)**4)**(1/2),x)
[Out] Integral(l/sqrt(a*csc(x)**4), x)

Giac [A]
time = 0.44, size = 22, normalized size = 0.61

tan ()

2va 2 (tan (z)* + 1) va

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~4)~(1/2),x, algorithm="giac")
[Out] 1/2*x/sqrt(a) - 1/2*tan(x)/((tan(x)"2 + 1)*sqrt(a))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

v
/ \/ sin (z)*

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)~4)~(1/2),x)
[Out] int(1/(a/sin(x)"4)~(1/2), x)
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3.66 f( L dr

acsct(z)) 3/2
Optimal. Leaf size=86

5 cot(z) 5z csc?(x) 5cos(z)sin(z)  cos(z)sin3(z)

— + - —
16a+/acsc*(z)  16a~/acsc*(x)  24a~/acsci(z)  6ay/acsct(x)

[Out] -5/16%*cot(x)/a/(a*xcsc(x)~4)~(1/2)+5/16*x*csc(x) ~2/a/(axcsc(x)~4)~(1/2)-5/24
*cos (x)*sin(x) /a/(a*csc(x)~4)~(1/2)-1/6*cos(x)*sin(x)~3/a/(a*csc(x)~4)~(1/2
)

Rubi [A]
time = 0.02, antiderivative size = 86, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 5, number of rules used = 3, integrand size = 10
Rules used = {4208, 2715, 8}

Srcsc*(z)  beot(z)  sin’(z)cos(z)  5sin(z)cos(z)

16a+/acsct(z)  16a+r/acsc*(z)  6a+r/acsc*(z)  24a+/acsci(x)

Antiderivative was successfully verified.
[In] Int[(a*xCsc[x]~4)~(-3/2),x]

[Out] (-5*Cot[x])/(16*a*Sqrt[axCsc[x]~4]) + (56xx*Csc[x]~2)/(16*axSqrt[a*Csc[x]~4]
) - (5%Cos[x]*Sin[x])/(24*axSqrt[a*Csc[x]~4]) - (Cos[x]*Sin[x]~3)/(6*axSqrt
[a*Csc[x]~4])

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c +d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4208

Int[((b_.)*((c_.)*sec[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x])~ (n*FracPart
[p1)), Int[(cxSecle + f*xx])~(n*p), x], x] /; FreeQ[{b, c, e, f, n, p}, x] &
& !IntegerQ[p]

Rubi steps
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/ _csc?(x) [ sin®(z) d
(acsct(z))® 7 4 a+/acsct(x)

cos(z)sind(z) = (5csc?(z)) [ sin*(z) dx

N _Ga\/acsc‘l(x) - 6a+/a csct(z)

_ _ 5cos(z)sin(z)  cos(z) sin®(z) + (5csc?(x)) [ sin?
24a+/acsci(z)  6a+/acsci(zx) 8a va csc4(x)
__ beot(x)  5cos(z)sin(z)  cos(x) sin3(z)  (5csc?(z)) [ldx
16a/acse(a)  24ar/aceci(s)  6avac(a) | 16a/acei(e)
5 cot(z) 5z csc?(x) 5cos(z)sin(z)  cos(z)sin®(z)

= — + —_ —
16a+/acsc*(z)  16ay/acsci(x)  24ar/acsci(xz)  6ar/acsci(x)

Mathematica [A]
time = 0.05, size = 38, normalized size = 0.44

B csc®(z)(—60zx + 45 sin(2z) — 9sin(4z) + sin(6z))
192 (a csct(x) )/

Antiderivative was successfully verified.

[In] Integrate[(axCsc[x]~4)~(-3/2),x]
[Out] -1/192*(Csc[x] 6% (-60*x + 45%Sin[2*x] - 9*Sin[4*x] + Sin[6*x]))/(a*Csc[x]"4
)~(3/2)

Maple [A]
time = 0.13, size = 41, normalized size = 0.48

method | result
_ 8(cos® —26(cos? 33 5
default (cos®(z)) sin(x)—26(cos (:l:))%l (m)+ cos(z) sin(z)—15z
4S<W> sin(z)
risch g | e _ Isiatie
16(1(62193 1) \/(62“” 1 3840,(62195 1) \/(e2m 1) 1280,(62“—1)2 \/(6;2_1)4 128a(e2iz—1)2\/

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*csc(x)~4)~(3/2),x,method=_RETURNVERBOSE)
[Out] -1/48%(8*cos(x) " 5*sin(x)-26*cos(x) ~3*sin(x)+33*cos(x)*sin(x)-15*x)/(a/sin(x
)~4)~(3/2)/sin(x) "6
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Maxima [A]
time = 0.50, size = 58, normalized size = 0.67

B 33 tan (z)° + 40 tan (z)* + 15 tan () S5z
48 (a% tan (z)° + 3a2 tan (z)* + 342 tan (z)* + a%> 1603

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~4)~(3/2),x, algorithm="maxima")
[Out] -1/48%(33*tan(x)~5 + 40*tan(x)~3 + 15*tan(x))/(a~(3/2)*tan(x)"6 + 3*a~(3/2)
*xtan(x)~4 + 3*a~(3/2)*tan(x)"2 + a~(3/2)) + 5/16*x/a~(3/2)

Fricas [A]
time = 2.45, size = 61, normalized size = 0.71

(152 cos (z) — (8 cos ()" — 34 cos (z)° + 59 cos (z)* — 33 cos (z)) sin (z) — 15 ) \/cos @) = 2acos @ T

- 48 a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~4)~(3/2),x, algorithm="fricas")
[Out] -1/48*(15*x*cos(x)”2 - (8*cos(x)~7 - 34*cos(x)"5 + 59*cos(x)"3 - 33*cos(x))
*sin(x) - 15xx)*sqrt(a/(cos(x)”"4 - 2*cos(x)"2 + 1))/a"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ (a csc? (w))% &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)**4)**(3/2),x)
[Out] Integral((axcsc(x)**4)**x(-3/2), x)

Giac [A]
time = 0.44, size = 42, normalized size = 0.49

150 _ 33 tan(x)®+40 tan(z)3+15 tan(z)
\/CT (tan(x)2-|—1> ° \/CT
48 a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~4)~(3/2),x, algorithm="giac")
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[Out] 1/48%(15%x/sqrt(a) - (33*tan(x)~5 + 40*tan(x)~3 + 15*tan(x))/((tan(x)"2 + 1
)~3*sqrt(a)))/a

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
| e
<sin(x) )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)"4)~(3/2),x)
[Out] int(1/(a/sin(x)"4)~(3/2), x)



269

3.67 f( s dx

acsct(z))
Optimal. Leaf size=132

63 cot(z) 63z csc?(z) 21 cos(z)sin(z)  21cos(z)sin’(z)  9cos(z)sin’(z)  cos

— + — — —
256a%+/acsct(z) 256a%+/acsct(xz) 128a2+/acsct(x) 160a%+/acsc*(z) 80a%+/acsci(z) 10a?

[Out] -63/256%*cot(x)/a"2/(a*csc(x)~4)~(1/2)+63/256*x*csc(x)"2/a~2/(axcsc(x)~4)~(1
/2)-21/128*cos (x)*sin(x)/a~2/(a*csc(x)~"4)~(1/2)-21/160*cos (x) *sin(x)~3/a"2/
(a*xcsc(x)~4)~(1/2)-9/80*cos (x)*sin(x)~5/a~2/(a*xcsc(x)~4)~(1/2)-1/10*cos (x) *
sin(x)~7/a~2/(axcsc(x)~4)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 132, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 7, number of rules used = 3, integrand size = 10
Rules used = {4208, 2715, 8}

63z csc’(z) 63 cot(z) __sin’(z)cos(z)  9sin’(z)cos(z) 21 sin®(z) cos(z) 21 sin(z) cos(x)

256a2+/acsct(z)  256a2\/acsci(z)  10a?+\/acsc*(z)  80a?+y/acsc*(z)  160a%\/acsci(z)  128a%+/acsc*(z)

Antiderivative was successfully verified.
[In] Int[(a*xCsc[x]~4)~(-5/2),x]

[Out] (-63*Cot[x])/(256*a~2*Sqrt[a*Csc[x]~4]) + (63*x*Csc[x]~2)/(256*a~2xSqrt [a*C
sc[x]~4]) - (21*Cos[x]*Sin[x])/(128*a~2xSqrt[a*Csc[x]~4]) - (21*Cos[x]*Sin[
x]~3)/(160*a~2*Sqrt [a*Csc[x]~4]) - (9*Cos[x]*Sin[x]~5)/(80*a~2*Sqrt [a*Csc[x

174]1) - (Cos[x]*Sin[x]~7)/(10*a~2*Sqrt[a*Csc[x]~4])

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])~(n - 1)/(d*n)), x] + Dist[b"2*((n - 1)/n), Int[(b*Sin[
c + dxx])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 4208

Int[((b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((b*(cxSec[e + f*x]) n) FracPart[pl/(cxSec[e + f*x])~ (n*FracPart
[p])), Int[(c*Sec[e + f*x]) (n*p), x], x] /; FreeQ[{b, c, e, f, n, p}, x] &
& !'IntegerQ[p]
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Rubi steps

/ 1 i — csc?(z) [ sin'(z) dz
(acsct a?+/acsct(x)

_ cos(z) sin”(z) (9csc?(z)) [ sin®(z) dz

"~ 10a2\/acsct (x) 10a2/a csct(z)

_ 9cos() sin®(x) cos(z) sin’(x) (63 csc?(z)) [ sin®(z) dz

"~ 80a? acsct(x) 1002 acsct(x) 80a?+/a csct(x)

_ 2lcos(z)sin®(z)  9cos(z)sin®(z) cos(x) sin’(x) (21 csc?(x)) [ sin(z) ¢

16042 acsct(x) ~ 80a? Vacscd(z) © 10a%\/a csct (x) 32a2+/a csc(x)

_ 21cos(z)sin(z) 21 cos(z)sin®*(z) 9 cos(x) sin®(z) cos(z) sin’ () (

T 128a%\/a csct(x) © 160a2+/a csct (x) ~ 80a2\/a csct(x) © 10a2\/a csct(x) _

B 63 cot(x) 21 cos(z) sin(x) 21 cos(z)sin®*(z)  9cos(x)sin®(z)

"~ 256a2\/a csct(z) © 12842+/a csct (x) © 160a2\/a csct(z) "~ 80a2+/acsct (z) -
63 cot(x) 63zcsc’(x)  2lcos(z)sin(z)  21cos(z)sin’(z)

"~ 256a2\/a csct(x)  256a%+/acsct(z)  128a%+/acsci(z)  160a?+/acsct(x)

Mathematica [A]
time = 0.11, size = 55, normalized size = 0.42

Vacsci(z) sin?(z)(2520z — 2100sin(2z) + 600sin(4z) — 150 sin(6x) + 25 sin(8z) — 2sin(10z))
10240a3

Antiderivative was successfully verified.

[In] Integratel[(axCsc[x]~4)~(-5/2),x]

[Out] (Sqrt[axCsc[x]~4]*Sin[x]~2%(2520*x - 2100*Sin[2*x] + 600%Sin[4*x] - 150%Sin
[6xx] + 25%Sin[8*x] - 2*Sin[10#*x]))/(10240%a~3)

Maple [A]
time = 0.24, size = 57, normalized size = 0.43

method | result
128(cos?(z)) sin(z)—656 (cos” (x)) sin(x)+1368(cos® (x)) sin(z)—1490(cos?(z)) sin(x)+965 cos(z) sin(x) —315z
default | — (cos®(z)) sin(z) (cos”(z)) sin(z)+ (cos®(z)) s5 (z) (cos®(z)) sin(z)+965 cos(z) sin(z)
1280<Sm( >4) sin(x)°
rlsch 2m: ‘ 12”: ‘ + 5ie 10%x _ 1052~e4i;
256a2(e2“3 1)? \/ 2iz_ 1) 10240a2(e2“‘ 1)2 \/(ez”ﬂ F 409642 (e2iz—1)2 \/(ehz F 1024a2(e2”—1)2\/

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(a*csc(x)~4)~(5/2),x,method=_RETURNVERBOSE)

[Out] -1/1280%(128*cos (x) "9*sin(x)-656*cos(x) ~7*sin(x)+1368*cos(x) ~5*sin(x)-1490*
cos (x) "3*sin(x)+965*cos (x)*sin(x)-315*x) /(a/sin(x)~4)~(5/2)/sin(x)"10

Maxima [A]
time = 0.49, size = 88, normalized size = 0.67

965 tan (z)° + 2370 tan (z)” + 2688 tan ()° + 1470 tan (z)® + 315 tan (z) 63z

1280 (ag tan (z)'° + 5 a2 tan (z)® + 10 a2 tan (z)° + 10 a2 tan (z)* + 5 a2 tan (z)* + ag) 256 a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~4)~(5/2),x, algorithm="maxima")

[Out] -1/1280%*(965*tan(x)~9 + 2370*tan(x) "7 + 2688*tan(x)~5 + 1470*tan(x)”~3 + 315
*tan(x))/(a~(6/2)*tan(x)~10 + 5*a~(5/2)*tan(x)"8 + 10*a~(5/2)*tan(x)"6 + 10

*a~ (5/2)*tan(x) "4 + 5*xa~(5/2)*tan(x)"2 + a~(5/2)) + 63/256xx/a~(5/2)

Fricas [A]
time = 3.12, size = 73, normalized size = 0.55

315z cos (z)? — (128 cos (z)"! — 784 cos (z)° + 2024 cos (z)” — 2858 cos (z)° + 2455 cos (z)® — 965 cos (z)) sin (z) — 315 a
4 2
cos (z)* — 2 cos (z)° +1
128043

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~4)~(5/2),x, algorithm="fricas")

[Out] -1/1280%*(315*x*cos(x)~2 - (128%cos(x)~11 - 784x*cos(x)”9 + 2024*cos(x)"7 - 2
858*cos(x) "5 + 2455%cos(x)~3 - 965*cos(x))*sin(x) - 315%x)*sqrt(a/(cos(x)~4

- 2%cos(x)"2 + 1))/a"3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ (acsct (z))? &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)**4)**(5/2),x)
[Out] Integral((a*csc(x)**4)*x(-5/2), x)

Giac [A]

time = 0.44, size = 49, normalized size = 0.37

63z 965 tan (z)° + 2370 tan (z)” + 2688 tan (x)° 4 1470 tan (z)® + 315 tan (z)
256 a2 1280 (tan (z)* + 1)5a%
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*csc(x)~4)~(5/2),x, algorithm="giac")
[Out] 63/256*x/a~(5/2) - 1/1280*(965*tan(x)~9 + 2370*tan(x)”7 + 2688*tan(x)”5 + 1
470*tan(x) "3 + 315xtan(x))/((tan(x)~2 + 1)~5*a~(5/2))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

T

sin(z)*

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a/sin(x)~4)~(5/2),x)
[Out] int(1/(a/sin(x)"4)~(5/2), x)
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3.68 [ ((bese(e+ dx))P)" dx

Optimal. Leaf size=80

cos(c+ dz) ((bese(c + dz))P)" 2F1 (3, 3(1 — np); 3(3 — np); sin®(c + dz)) sin(c + dz)

d(1 — np)+/cos?(c + dx)

[Out] cos(d*x+c)*((b*csc(d*x+c)) "p) “n*hypergeom([1/2, -1/2*n*p+1/2], [-1/2%n*p+3/2
1,sin(d*x+c) "2) *sin(d*x+c) /d/ (-n*p+1) / (cos (d*x+c) ~2)~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 80, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12
Rules used = {4208, 3857, 2722}

sin(c + dz) cos(c + dz) ((besc(c + dz))P)" 2Fi (5, 3(1 — np); 3(3 — np); sin®(c + dz))
d(1 — np)+/cos?(c + dx)

Antiderivative was successfully verified.
[In] Int[((b*Csc[c + d*x])~p) n,x]

[Out] (Cos[c + d*x]*((bxCsc[c + d*x]) p) “n*Hypergeometric2F1[1/2, (1 - nxp)/2, (3
- n¥p)/2, Sin[c + d*x]~2]*Sin[c + d*x])/(d*(1 - n*p)*Sqrt[Cos[c + d*x]~2])

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (o + 3)/2, Sinlc + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&% !IntegerQ[2+*n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sinlc + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)~"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rule 4208

Int[((b_.)*((c_.)*sec[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((bx(c*Sec[e + f*x])~n) FracPart([p]/(c*Sec[e + f*x])  (n*FracPart
[p1)), Int[(cxSecle + f*x])~(n*p), x], x] /; FreeQ[{b, c, e, f, n, p}, x] &
& !IntegerQ[p]

Rubi steps
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/ ((bese(c + dz))P)" dz = ((besc(c + dz)) ™™ ((bese(c + dz)) (bese(c + dx))™ dx

llk
= (((bcsc(c—i-dw)) )" (Sm c—|—dx)) )/(Sm (¢ da) ) - dx

cos(c + dz) ((bese(c + dz))P)" 2 F1 (5, 2(1 — np); (3 — np); sin®(c + dz)) sin(c +
d(1 — np)+/cos?(c + dz)

Mathematica [A]
time = 0.13, size = 71, normalized size = 0.89

cos(c + dz) ((besc(c + dz))P)" o Fi (L, 1(1 4 np); 2; cos?(c + dx)) sin(c + dz) sin?(c 4 d)z(~1+7)
d

Antiderivative was successfully verified.

[In] Integrate[((bxCsc[c + d*x])~p) n,x]

[Out] -((Cos[c + d*x]*((bxCsc[c + d*x]) p) “n*Hypergeometric2F1[1/2, (1 + nxp)/2,
3/2, Cosl[c + d*x]~2]*Sin[c + d*x]*(Sin[c + d*x]~2)~((-1 + nx*p)/2))/d)

Maple [F]
time = 0.08, size = 0, normalized size = 0.00

/ ((besc (dz + ¢))P)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((b*csc(d*x+c)) p) n,x)
[Out] int(((b*csc(d*x+c))~p) n,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(((b*csc(d*x+c))~p)~n,x, algorithm="maxima")
[Out] integrate(((b*csc(d*x + c))”p)~n, x)
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate



Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(((bxcsc(d*x+c))~p)~n,x, algorithm="fricas")
[Out] integral(((bxcsc(d*x + c))~p)~n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ ((besc (c+dz))P)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(((bxcsc(d*x+c))**p)**n,x)

[Out] Integral(((b*csc(c + d*x))**p)**n, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(((b*csc(d*x+c))~p)~n,x, algorithm="giac")
[Out] integrate(((b*csc(d*x + c))~p)~n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

[(@esan)) =

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((b/sin(c + d*x))~p)~n,x)
[Out] int(((b/sin(c + d*x))~p)~n, x)
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3.69 [ (a(besc(c+ dx))P)" dz

Optimal. Leaf size=82

cos(c + dz) (a(besc(c+ dx))P)" oF1 (3, 3(1 — np); 3(3 — np); sin®(c + dz)) sin(c + dz)

d(1 — np)+/cos?(c + dx)

[Out] cos(d*x+c)*(a*x(b*csc(d*x+c)) p) "n¥hypergeom([1/2, -1/2*n*p+1/2], [-1/2*n*p+3
/2] ,sin(d*x+c) ~2) *sin(d*x+c)/d/ (-n*p+1) / (cos (d*x+c) ~2)~(1/2)

Rubi [A]

time = 0.04, antiderivative size = 82, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.214,

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {4208, 3857, 2722}

sin(c + dz) cos(c + dz) 2 F1 (3, (1 — np); (3 — np); sin®(c + dz)) (a(bese(c + dz))P)"
d(1 — np)+/cos?(c + dx)

Antiderivative was successfully verified.
[In] Int[(a*x(b*Cscl[c + d*x])~p) n,x]
[Out] (Cos[c + d*x]*(a*(bxCsc[c + d*x]) p) “n*Hypergeometric2F1[1/2, (1 - nx*p)/2,

(83 - n*p)/2, Sin[c + d*x]~2]*Sin[c + d*x])/(d*(1 - n*p)*Sqrt[Cos[c + d*x]~2
D

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)-( - 1)*((Sin[c + d*x]/b)~(n - 1)*Int[1/(Sin[c + d*x]/b)"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] & !IntegerQ[n]

Rule 4208

Int[((b_.)*((c_.)*secl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> Dist[b~
IntPart [p] *((b*x(c*Sec[e + f*x])~n) FracPart([p]/(c*Secle + f*x])~ (n*FracPart
[p1)), Int[(cxSecle + f*xx])~(n*p), x], x] /; FreeQ[{b, c, e, f, n, p}, x] &
& !IntegerQ[p]

Rubi steps
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/ (a(besc(c+ dx))P)" dx = ((besc(c+ dx)) ™™ (a(besc(c + dz)) / (bese(c+ dx))™P dx

")
=((a(bcsc(c+dw))) (Sm(”d””) ) (Sln(c+d””)) da
cos(c + da) (albesc(c + dz))P)" 5Fy (L, (1 = np); 1(3 — np); sin(c + dz)) sin

- d(1 — np)+/cos?(c + dzx)

Mathematica [A]
time = 0.09, size = 73, normalized size = 0.89

cos(c + dz) (a(besc(c + dz))P)™ o F1 (L, 1(1 + np); 2; cos?(c + dx)) sin(c + dz) sin?(c + da)2(-1+7)

Antiderivative was successfully verified.

[In] Integrate[(a*(b*Cscl[c + d*x])~p) n,x]

[Out] -((Cos[c + d*x]*(a*x(b*Csc[c + d*x]) p) “n*Hypergeometric2F1[1/2, (1 + n*p)/2
, 3/2, Cosl[c + d*x]~2]*Sin[c + d*x]*(Sin[c + d*x]~2)~((-1 + nxp)/2))/d)

Maple [F]
time = 0.05, size = 0, normalized size = 0.00

/ (a(besc (dz + ¢))P)" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*x(b*csc(d*x+c)) p) n,x)
[Out] int((a*x(b*csc(d*x+c))”p) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*(b*csc(d*x+c)) p)~n,x, algorithm="maxima")
[Out] integrate(((b*csc(d*x + c)) p*a)~n, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate



Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a*(b*csc(d*x+c))~p) n,x, algorithm="fricas")
[Out] integral(((bxcsc(d*x + c)) p*a)~n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a(bese (¢ +dz))P)" da

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*(b*csc(d*x+c))**p)**n,x)

[Out] Integral((a*x(b*csc(c + d*x))**p)**n, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ax(b*csc(d*x+c))~p) n,x, algorithm="giac")
[Out] integrate(((bxcsc(d*x + c))”p*a)~n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (“ (W)”)"dw

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*x(b/sin(c + d*x))~p)~n,x)
[Out] int((a*x(b/sin(c + d*x))~p)~n, x)
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3.70 [(acsc(e+ fx))™(besc(e + fz))"dx

Optimal. Leaf size=91

acos(e + fz)(acsc(e + fz)) T (besc(e + fz))" 2 Fi (5, 3(1 —m —n); (3 — m — n);sin®(e + fz))

f(1—m —mn)y/cos?(e + fz)

[Out] a*cos(f*x+e)*(a*csc(f*x+e))”(-1+m)*(b*csc(f*x+e)) “nxhypergeom([1/2, 1/2-1/2
*m-1/2#%n], [3/2-1/2*m-1/2*n] ,sin(f*x+e)~2) /f/(1-m-n)/(cos (f*x+e)~2)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 91, normalized size of antiderivative = 1.00, number of

number of rules _ (143
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 21
Rules used = {20, 3857, 2722}

acos(e + fz)(acsc(e + fz))™ (besc(e + fz))" 2 Fi (3, 2(—m — n+1); 1 (—m — n + 3);sin’(e + fz))
f(=m —n+1)\/cos?(e + fx)

Antiderivative was successfully verified.
[In] Int[(a*Cscle + f#*x]) m*(b*Cscl[e + f*x]) n,x]

[Out] (a*Cos[e + fxx]*(a*Csc[e + f*x])~(-1 + m)*(b*Csc[e + f*x]) n*Hypergeometric
2F1[1/2, 1 - m - n)/2, (3 - m - n)/2, Sinfe + f*x]~2])/(f*(1 - m - n)*Sqrt
[Cos[e + f*x]~2])

Rule 20

Int[(u_.)*((a_.)*(v_)) " (m_)*((b_.)*(v_))"(n_), x_Symbol] :> Dist[b~IntPart[
n]*((b*v) “FracPart [n]/(a"IntPart [n]*(a*v) “FracPart[n])), Int[ux(a*v)~(m + n

), x], x] /; FreeQ[{a, b, m, n}, x] && !IntegerQ[m] && !IntegerQ[n] && !
IntegerQ[m + n]

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric2
F1[1/2, (n + 1)/2, (n + 3)/2, Sin[c + d*x]~2], x] /; FreeQ[{b, c, d, n}, x]
&& !IntegerQ[2+*n]

Rule 3857

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[(b*Csc[c + d*x]
)~ (n - 1)*((Sinfc + d*x]/b)"(n - 1)*Int[1/(Sin[c + d*x]/b)~"n, x]), x] /; Fr
eeQ[{b, c, d, n}, x] && !IntegerQ[n]

Rubi steps
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/(a csc(e + fx))™(besc(e + fz))"dx = ((acsc(e + fz))"(besc(e + fz))") /(a esc(e + fo))™ dx
B <(“ csc(e + f))" (besc(e + f))" (M)m ) /(™

_cos(e+ fz)(acsc(e+ fx))™(besc(e + fx))" 2 F1(3,5(1 —m —n); ]
n

a f(1—m —n)/cos?(e+ fz

Mathematica [A]
time = 0.16, size = 77, normalized size = 0.85

_cos(e + fz)(acsc(e + fz))™(bese(e + fz))" 2 Fi (3, 1(1 + m + n); 2; cos’(e + fx)) sin(e + fz)sin’(e + fz)z(-Ltmin)
f

Antiderivative was successfully verified.

[In] Integrate[(a*Cscl[e + f*x]) m*(bxCsc[e + f*x]) n,x]

[Out] -((Cos[e + fxx]*(a*Csc[e + f*x]) m*(b*Cscl[e + f*x]) n*Hypergeometric2F1[1/2
, (1 +m+ n)/2, 3/2, Cosle + fxx]~2]*Sin[e + f*x]*(Sin[e + f*xx]~2)~((-1 +
m + n)/2))/f)

Maple [F]
time = 0.06, size = 0, normalized size = 0.00

/ (acsc(fz+e€))™ (bese(fzx+e))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((axcsc(f*x+e)) m*(b*csc(f*x+e)) "n,x)
[Out] int((axcsc(f*x+e)) m*(b*csc(f*x+e)) "n,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(f*x+e)) m*(b*csc(f*x+e)) n,x, algorithm="maxima")
[Out] integrate((axcsc(f*x + e)) m*(b*csc(f*x + e))"n, x)
Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate



Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a*csc(f*x+e)) m*(b*csc(f*x+e)) n,x, algorithm="fricas")

[Out] integral((a*csc(f*x + e)) mx(b*csc(f*x + e))”"n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(acsc (e+ fx))™ (besc (e + fz))" dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a*csc(f*x+e))**m* (bxcsc(f*x+e))**n,x)
[Out] Integral((axcsc(e + f*x))**m*(b*csc(e + f*x))**n, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*csc(f*x+e)) m*(b*csc(f*x+e)) n,x, algorithm="giac")

[Out] integrate((axcsc(f*x + e)) m*(b*csc(f*x + e))"n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

[ Germ) (Germ) =

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a/sin(e + f*x)) m*(b/sin(e + f*x)) n,x)

[Out] int((a/sin(e + f*x)) m*(b/sin(e + f*x))"n, x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip

285

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
I," nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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